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We consider a fully practical ﬁnite element approximation of the following system of nonlinear degenerate
parabolic equations
∂u
∂t
+ 1
2
∇.(u2∇[σ(v)])− 1
3
∇.(u3∇w) = 0 ,
w = −cΔu− δ u−ν + a u−3 ,
∂v
∂t
+∇.(uv∇[σ(v)])− ρΔv − 1
2
∇.(u2 v∇w) = 0 .
The above models a surfactant driven thin ﬁlm ﬂow in the presence of both attractive, a > 0, and
repulsive, δ > 0 with ν > 3, van der Waals forces; where u is the height of the ﬁlm, v is the concentration
of the insoluble surfactant monolayer and σ(v) := 1 − v is the typical surface tension. Here ρ ≥ 0 and
c > 0 are the inverses of the surface Peclet number and the modiﬁed capillary number. In addition to
showing stability bounds for our approximation, we prove convergence, and hence existence of a solution
to this nonlinear degenerate parabolic system, (i) in one space dimension when ρ > 0; and, moreover,
(ii) in two space dimensions if in addition ν ≥ 7. Furthermore, iterative schemes for solving the resulting
nonlinear discrete system are discussed. Finally, some numerical experiments are presented.
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1. Introduction
In the recent paper Barrett, Garcke & Nu¨rnberg (2001), abbreviated to BGN throughout
this paper, the authors proposed and analysed a fully practical ﬁnite element approxima-
tion of the following system of nonlinear degenerate parabolic equations
∂u
∂t
+ 1
2
∇.(u2∇[σ(v)])− 1
3
∇.(u3∇w) = 0 in ΩT , (1.1a)
w = −cΔu+ φ(u) in ΩT , (1.1b)
∂v
∂t
+∇.(u v∇[σ(v)])− ρΔv − 1
2
∇.(u2 v∇w) = 0 in ΩT ; (1.1c)
where ΩT := Ω× (0, T ] and Ω is a bounded domain in Rd, d = 1 or 2. The above, derived
using lubrication theory, models a surfactant driven thin ﬁlm ﬂow; where u is the height of
the ﬁlm, v is the concentration of the insoluble surfactant monolayer and w is the pressure
(reduced if van der Waals forces are present; that is, φ ≡ 0). In addition, σ ∈ C1(R≥0)
with
σ(s) ≥ 0, σ′(s) < 0 ∀ s ∈ R≥0 (1.2)
is the constitutive equation of state relating the surface tension σ to v. We note that σ
is a strictly monotonically decreasing function of v, which is natural to assume as the
surfactant lowers surface tension. In the engineering literature it is often assumed that
the surfactant concentration is dilute, i.e. v ∈ [0, 1], and that σ : [0, 1]→ [0, 1]; e.g.
σ(s) := (β + 1) [1 + θ(β) s]−3 − β, where θ(β) := (β+1
β
) 1
3 − 1 (1.3)
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and β ∈ R>0 relates to the activity of the surfactant; cf. Jensen & Grotberg (1992, p
262). For the van der Waals forces in (1.1b), we take the form suggested in Oron, Davis
& Bankoﬀ (1997); that is,
φ(u) = φ+(u) + φ−(u), φ+(u) := −δ u−ν , ν > 3 , φ−(u) := a u−3 , (1.4)
where a ∈ R≥0 is the scaled dimensionless Hamaker constant, δ ∈ R≥0 represents the
eﬀect of repulsive van der Waals forces, and a = 0⇔ δ = 0. Finally in (1.1a–c), ρ ∈ R≥0
and c ∈ R>0 are the inverses of the surface Peclet and the modiﬁed capillary numbers,
respectively. Applications of the system (1.1a–c) range from the medical treatment of
premature infants to industrial coating and drying processes, see BGN for further details
and references.
As u and v can take on zero values (1.1a–c) is a degenerate parabolic system, which
is fourth order in u. This degeneracy makes the analysis/numerical analysis of the sys-
tem particularly diﬃcult. As there is no maximum principle for parabolic equations of
fourth order, a naive discretization does not guarantee the non-negativity of the approx-
imation to u. If δ = 0, following Barrett, Blowey & Garcke (1998), BGN imposed the
non-negativity of the discrete approximation to u as a constraint; whereas if δ > 0, the
positivity of the approximation to u can be guaranteed for an appropriate discretization
through the singularity in φ+. In both cases, BGN were able to derive stability bounds in
space dimensions d = 1 and 2. However, their main convergence result was restricted to
ρ > 0 and one space dimension. The latter was due to the fact that the a priori bounds
they derived only guarantee in one space dimension that the discrete approximation to
u is uniformly bounded and equicontinuous, which was necessary to be able to pass to
the limit in the discrete problem. For similar reasons, the results on related degenerate
parabolic equations of fourth order in Bernis & Friedman (1990), Barrett, Blowey & Gar-
cke (1998), Barrett, Blowey & Garcke (1999), Gru¨n & Rumpf (2000), Barrett, Blowey
& Garcke (2001) and Barrett & Blowey (2001) were restricted to one space dimension.
However, recently Gru¨n (2002) has proved convergence in two space dimensions of a ﬁnite
element approximation to the thin ﬁlm equation in the absence of surfactant, (1.1a–c)
with v ≡ 0 and u(·, 0) > 0. It is the aim of this paper to adapt the techniques in Gru¨n
(2002), and BGN, to propose a ﬁnite element approximation to (1.1a–c) and prove conver-
gence in one space dimension if ρ, a, δ, u(·, 0) > 0 and, moreover, in two space dimensions
if in addition ν ≥ 7.
The basic ingredients of our approach are two energy estimates for this surfactant driven
ﬂow. Firstly, as in BGN, we relate F to σ by the Gibbs identity
σ(v) = F (v)− v F ′(v) ⇒ σ′(v) = −v F ′′(v) . (1.5)
Knowing σ the above identity determines F up to a linear term. Furthermore, on noting
(1.2), we have that F is convex and F ′′(v)→∞ as v → 0. Assuming appropriate boundary
conditions, which will be speciﬁed later on, one can derive the energy estimate
d
dt
∫
Ω
[
c
2
|∇u|2+ Φ(u) + F (v)]dx+∫
Ω
∫ u
0
|∂y 
VH |2 dy dx+ρ
∫
Ω
F ′′(v) |∇v|2 dx = 0 . (1.6)
Here Φ is an antiderivative of φ, i.e. Φ′ ≡ φ, and 
VH is the horizontal component of the
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velocity ﬁeld. Due to the use of lubrication theory, see BGN for details, one has that∫ u
0
|∂y 
VH |2 dy = u |∇[σ(v)]|2− u2∇[σ(v)] .∇w+ 13 u3 |∇w|2
≥ 1
8
u |∇[σ(v)]|2+ 1
21
u3 |∇w|2 , (1.7)
where the inequality was obtained from applying the Young’s inequality
|r s| ≤ γ
2
r2 + 1
2γ
s2 ∀ r, s ∈ R, γ ∈ R>0. (1.8)
The energy estimate (1.6) will lead to important a priori estimates.
In order to obtain the second estimate, we deﬁne also a function G ∈ C∞(R>0) such
that u3∇[G′(u)] = ∇u; that is
G′′(s) = s−3 ⇒ G′(s) = −1
2
s−2 ⇒ G(s) = 1
2
s−1 . (1.9)
Testing (1.1a) with G′(u) and (1.1b) with −Δu formally yields, on assuming appropriate
boundary conditions and noting (1.8), that
d
dt
∫
Ω
G(u) dx + c
3
∫
Ω
|Δu|2 dx+ 1
3
∫
Ω
(φ+)′(u) |∇u|2 dx
= −1
3
∫
Ω
(φ−)′(u) |∇u|2 dx+ 1
2
∫
Ω
G′′(u)u2∇[σ(v)] .∇u dx
≤ C
[∫
Ω
u |∇[σ(v)]|2 dx+
∫
Ω
[G′′(u)− (φ−)′(u) ] |∇u|2 dx
]
. (1.10)
This together with (1.4) and the bound
s−α ≤ γ s−β + C(γ, α, β) ∀ s, γ ∈ R>0, α ∈ (0, β), β ∈ R>0 , (1.11)
for β = ν + 1 and for both α = 3 and 4, yields for δ > 0 that
d
dt
∫
Ω
G(u) dx+ c
3
∫
Ω
|Δu|2 dx+ 1
4
∫
Ω
(φ+)′(u) |∇u|2 dx
≤ C
[∫
Ω
u |∇[σ(v)]|2dx+
∫
Ω
|∇u|2 dx
]
. (1.12)
From (1.12), (1.6) and (1.7) one can formally show that u ∈ L2(0, T ;H2(Ω)) if u(·, 0) > 0.
It is the goal of this paper to derive a ﬁnite element method that is consistent with
the formal energy estimates (1.6) and (1.12). In one space dimension only the analogue
of (1.6) is required to prove convergence, see BGN and Remark 3.2 below. As in Gru¨n
(2002) for the thin ﬁlm equation, it is the discrete analogue of (1.12) which plays a crucial
role in our convergence proof in the case of two space dimensions. We stress that it is
only this bound that requires the presence of the repulsive van der Waals forces, δ > 0, to
control the surfactant term on the right hand side of (1.10). In the absence of surfactant,
(1.12) holds with (a, δ > 0) and without (a = δ = 0) van der Waals forces.
To complete the system (1.1a–c), we will specify the boundary conditions
1
2
u2 ∂[σ(v)]
∂ν∂Ω
− 1
3
u3 ∂w
∂ν∂Ω
= ∂u
∂ν∂Ω
= u v ∂[σ(v)]
∂ν∂Ω
− 1
2
u2 v ∂w
∂ν∂Ω
− ρ ∂v
∂ν∂Ω
= 0 on ∂Ω ; (1.13)
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where ν∂Ω is normal to ∂Ω, the Lipschitz boundary of Ω. One can derive (1.13) on requiring
a no penetration condition for the velocity 
VH , a 90
◦ angle condition for the ﬁlm height
u and a no ﬂux condition for the surfactant concentration v to hold, see BGN for details.
We remark that if either u ρ > 0 or −u v σ′(v) > 0 on ∂Ω then (1.13) is equivalent to
∂u
∂ν∂Ω
= ∂w
∂ν∂Ω
= ∂v
∂ν∂Ω
= 0 on ∂Ω.
Altogether, in this paper we consider the following initial boundary value problem:
(P) Find functions u, w, v : Ω × [0, T ]→ R such that
∂u
∂t
+ 1
2
∇.(u2∇[σ(v)])− 1
3
∇.(u3∇w) = 0 in ΩT , (1.14a)
w = −cΔu+ φ(u) in ΩT , (1.14b)
∂v
∂t
+∇.(uλ(v)∇[σ(v)])− ρΔv − 1
2
∇.(u2 λ(v)∇w) = 0 in ΩT , (1.14c)
u(x, 0) = u0(x) > 0, v(x, 0) = v0(x) ≥ 0 ∀ x ∈ Ω, (1.14d)
1
2
u2 ∂[σ(v)]
∂ν∂Ω
− 1
3
u3 ∂w
∂ν∂Ω
= ∂u
∂ν∂Ω
= uλ(v) ∂[σ(v)]
∂ν∂Ω
− 1
2
u2 λ(v) ∂w
∂ν∂Ω
− ρ ∂v
∂ν∂Ω
= 0 on ∂Ω× (0, T ), (1.14e)
where T > 0 is a ﬁxed positive time. In the above c ∈ R>0 and ρ ∈ R≥0 are given constants,
while σ ∈ C1(R≥0) and φ : R>0 → R are given by (1.2) and (1.4), with a, δ > 0; u0 and
v0 are given initial proﬁles. Throughout this paper, as in BGN, we restrict ourselves to
the model constitutive equation of state
σ(v) := 1− v , (1.15)
the β → ∞ limit of (1.3). However, the techniques in this paper do apply to a general
σ satisfying (1.2), see Remark 2.2 below. As remarked previously, the physically relevant
values of v(x, t) lie in the interval [0, 1]. Noting this, it is convenient for the analysis in
this paper, as well as in BGN, to replace the terms ui v, i = 1 → 2, in (1.1c) by ui λ(v),
where λ : R→ (−∞, 1] is deﬁned as
λ(s) := [s− 1]− + 1; (1.16)
where
[s]− := min{s, 0} and [s]+ := max{s, 0}. (1.17)
This paper is organised as follows. In Section 2 we formulate a fully practical ﬁnite
element approximation of the degenerate system (P) and derive discrete analogues of
the energy estimates (1.6) and (1.12). In doing so, we adapt a technique introduced in
Zhornitskaya & Bertozzi (2000) and Gru¨n & Rumpf (2000) for deriving a discrete entropy
bound for the thin ﬁlm equation. In Section 3 we prove convergence, and hence existence
of a solution to the system (P), in space dimensions d = 1 if ρ, a, δ > 0; and d = 2 if in
addition ν ≥ 7. In Section 4 we state an iterative scheme for solving the nonlinear discrete
system at each time level and present some numerical computations in both one and two
space dimensions.
Finally we note that there is very little work in the PDE literature on surfactant type
problems. To our knowledge, the only relevant work on the degenerate system (P) is the
following. Renardy (1996) shows that there exists a solution for T suﬃciently small to a
pure initial value problem similar to (P) for very smooth initial data. In the absence of
van der Waals forces, Wieland (2002) establishes an existence result for (P) in one space
dimension similar to that obtained in BGN.
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Notation and Auxiliary Results
Let D ⊂ Rd, d = 1 or 2, with a Lipschitz boundary ∂D if d = 2. We adopt the standard
notation for Sobolev spaces, denoting the norm of Wm,q(D) (m ∈ N, q ∈ [1,∞]) by
‖ · ‖m,q,D and the semi-norm by | · |m,q,D. We extend these norms and semi-norms in the
natural way to the corresponding spaces of vector and matrix valued functions. For q = 2,
Wm,2(D) will be denoted by Hm(D) with the associated norm and semi-norm written as,
respectively, ‖·‖m,D and | · |m,D. For notational convenience, we drop the domain subscript
on the above norms and semi-norms in the case D ≡ Ω. Throughout (·, ·) denotes the
standard L2 inner product over Ω, while q′ denotes for any q ∈ [1,∞] the “dual exponent”
such that 1
q
+ 1
q′ = 1. In addition we deﬁne∫−η := 1
m(Ω)
(η, 1) ∀ η ∈ L1(Ω), where m(Ω) is the measure of Ω . (1.18)
For later purposes, we recall the following well-known Sobolev interpolation results, e.g.
see Adams & Fournier (1977): Let q ∈ [1,∞], m ≥ 1,
r ∈
⎧⎪⎨⎪⎩
[q,∞] if m− d
q
> 0,
[q,∞) if m− d
q
= 0,
[q,− d
m−(d/q) ] if m− dq < 0,
and μ = d
m
(1
q
− 1
r
). Then there is a constant C depending only on Ω, q, r,m such that for
all z ∈Wm,q(Ω) the inequality
|z|0,r ≤ C |z|1−μ0,q ‖z‖μm,q (1.19)
holds. We recall also the following compactness results. Let X , Y and Z be Banach
spaces with a compact embedding X
c
↪→ Y and a continuous embedding Y ↪→ Z. Then
the embeddings
{ η ∈ L2(0, T ;X) : ∂η
∂t
∈ L2(0, T ;Z) } c↪→ L2(0, T ;Y ) (1.20a)
and { η ∈ L∞(0, T ;X) : ∂η
∂t
∈ L2(0, T ;Z) } c↪→ C([0, T ];Y ) (1.20b)
are compact and a generalised version of (1.20a), where the time derivative is replaced by
a time translation, holds. That is, any bounded and closed subset E of L2(0, T ;X) with
lim
θ→0
{
sup
η∈E
‖η(·, ·+ θ)− η(·, ·)‖L2(0,T−θ;Z)
}
= 0 (1.20c)
is compact in L2(0, T ;Y ), see Simon (1987).
It is convenient to introduce the “inverse Laplacian” operator G : F → Z such that
(∇Gz,∇η) = 〈z, η〉q′ ∀ η ∈W 1,q′(Ω), (1.21)
where F := {z ∈ (W 1,q′(Ω))′ : 〈z, 1〉q′ = 0} and Z := {z ∈ W 1,q(Ω) : (z, 1) = 0}. Here
and throughout 〈·, ·〉q′ denotes the duality pairing between (W 1,q′(Ω))′ and W 1,q′(Ω) for
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any q ∈ (1, 2]. The well-posedness of G follows from the generalised Lax-Milgram theorem
and the Poincare´ inequality
|η|0,r ≤ C ( |η|1,r + |(η, 1)| ) ∀ η ∈W 1,r(Ω) and r ∈ [1,∞]. (1.22)
Throughout C denotes a generic constant independent of h, τ and ε; the mesh and tem-
poral discretization parameters and the regularization parameter. In addition C(a1, · · ·, aI)
denotes a constant depending on the arguments {ai}Ii=1. Furthermore ·(
) denotes an ex-
pression with or without the subscript , similarly with superscripts.
2. Finite Element Approximation
We consider the ﬁnite element approximation of (P) under the following assumptions on
the mesh:
(A) Let Ω be a convex polygonal domain if d = 2. Let {T h}h>0 be a quasi-uniform
family of partitionings of Ω into disjoint open simplices κ with hκ := diam(κ) and
h := maxκ∈T h hκ, so that Ω = ∪κ∈T hκ. In addition, it is assumed for d = 2 that all
simplices κ ∈ T h are right-angled.
We note that the right-angled simplices assumption is not a severe constraint, as there
exist adaptive ﬁnite element codes that satisfy this requirement, see e.g. Schmidt & Siebert
(2000).
Associated with T h is the ﬁnite element space
Sh := {χ ∈ C(Ω) : χ |κ is linear ∀ κ ∈ T h} ⊂ H1(Ω). (2.1)
We introduce also
Sh≥0 := {χ ∈ Sh : χ ≥ 0 in Ω} ⊂ H1≥0(Ω) := {η ∈ H1(Ω) : η ≥ 0 a.e. in Ω}, (2.2)
and similarly Sh>0 and H
1
>0(Ω). Let J be the set of nodes of T h and {pj}j∈J the coordinates
of these nodes. Let {χj}j∈J be the standard basis functions for Sh; that is χj ∈ Sh≥0 and
χj(pi) = δij for all i, j ∈ J . We introduce πh : C(Ω) → Sh, the interpolation operator,
such that (πhη)(pj) = η(pj) for all j ∈ J . A discrete semi-inner product on C(Ω) is then
deﬁned by
(η1, η2)
h :=
∫
Ω
πh(η1(x) η2(x)) dx =
∑
j∈J
mj η1(pj) η2(pj), (2.3)
where mj := (1, χj) > 0. The induced discrete semi-norm is then |η|h := [ (η, η)h ] 12 , where
η ∈ C(Ω). We introduce also the L2 projection Qh : L2(Ω)→ Sh deﬁned by
(Qhη, χ)h = (η, χ) ∀ χ ∈ Sh. (2.4)
On recalling (1.5) and (1.15), we then deﬁne a function F such that v∇[F ′(v)] =
−∇[σ(v)]; that is,
F ′′(s) = −s−1 σ′(s) = s−1 ⇒ F (s) = s (ln s− 1) + 1 . (2.5)
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For computational purposes, we replace F ∈ C∞(R>0) for any ε ∈ (0, 1) by the regularized
function Fε : R→ R≥0 such that
Fε(s) :=
⎧⎨⎩
s2−ε2
2 ε
+ (ln ε− 1) s + 1 s ≤ ε
s (ln s− 1) + 1 ε ≤ s ≤ 1
1
2
(s− 1)2 1 ≤ s .
(2.6)
Hence Fε ∈ C2,1(R) with the ﬁrst two derivatives of Fε given by
F ′ε(s) :=
⎧⎨⎩
ε−1 s+ ln ε− 1 s ≤ ε
ln s ε ≤ s ≤ 1
s− 1 1 ≤ s
and F ′′ε (s) :=
⎧⎨⎩
ε−1 s ≤ ε
s−1 ε ≤ s ≤ 1
1 1 ≤ s ,
(2.7)
respectively. For later purposes, we note that
Fε(s) ≥ s24 − 12 ∀ s ≥ 0 and Fε(s) ≥ s
2
2 ε
∀ s ≤ 0 ; (2.8)
see BGN.
Similarly to the approach in Zhornitskaya & Bertozzi (2000) and Gru¨n & Rumpf (2000),
we introduce Λε : S
h → [L∞(Ω)]d×d such that for all zh ∈ Sh and a.e. in Ω
Λε(z
h) is symmetric and positive semi-deﬁnite, (2.9a)
Λε(z
h)∇πh[F ′ε(zh)] = ∇zh. (2.9b)
Firstly, we give the construction of Λε in the simple case when d = 1. Given z
h ∈ Sh and
κ ∈ T h having vertices pj and pk, we set
Λε(z
h) |κ:=
{
zh(pk)−zh(pj)
F ′ε(zh(pk))−F ′ε(zh(pj)) =
1
F ′′ε (zh(ξ))
for some ξ ∈ κ if zh(pk) = zh(pj),
1
F ′′ε (zh(pk))
if zh(pk) = z
h(pj).
(2.10)
Clearly the piecewise constant construction in (2.10) satisﬁes the conditions (2.9a,b).
Following Gru¨n & Rumpf (2000) we extend the above construction to d = 2. Let {ei}di=1
be the orthonormal vectors in Rd, such that the jth component of ei is δij, i, j = 1→ d.
Given non-zero constants αi, i = 1 → d; let κ̂({αi}di=1) be the reference open simplex
in Rd with vertices {p̂i}di=0, where p̂0 is the origin and p̂i = αi ei, i = 1 → d. Given a
κ ∈ T h with vertices {pji}di=0, such that pj0 is the right-angled vertex, then there exists a
rotation matrix Rκ and non-zero constants {αi}di=1 such that the mapping Rκ : x̂ ∈ Rd →
pj0 +Rκx̂ ∈ Rd maps the vertex p̂i to pji , i = 0→ d, and hence κ̂ ≡ κ̂({αi}di=1) to κ. For
any zh ∈ Sh, we then set
Λε(z
h) |κ:= Rκ Λ̂ε(ẑh) |κ̂ RTκ , (2.11)
where ẑh(x̂) ≡ zh(Rκx̂) for all x̂ ∈ κ̂ and Λ̂ε(ẑh) |κ̂ is the d × d diagonal matrix with
diagonal entries, k = 1→ d,
[Λ̂ε(ẑ
h) |κ̂]kk :=
⎧⎪⎪⎨⎪⎪⎩
ẑh(p̂k)−ẑh(p̂0)
F ′ε(ẑh(p̂k))−F ′ε(ẑh(p̂0)) ≡
zh(pjk )−zh(pj0)
F ′ε(zh(pjk))−F ′ε(zh(pj0))
= 1
F ′′ε (zh(ξ))
for some ξ between pjk and pj0 if z
h(pjk) = zh(pj0),
1
F ′′ε (ẑh(p̂0))
≡ 1
F ′′ε (zh(pj0))
if zh(pjk) = z
h(pj0).
(2.12)
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As RTκ ≡ R−1κ , ∇zh ≡ Rκ ∇̂ẑh, where x ≡ (x1, · · ·, xd)T , ∇ ≡ ( ∂∂x1 , · · ·, ∂∂xd )T , x̂ ≡
(x̂1, · · ·, x̂d)T and ∇̂ ≡ ( ∂∂x̂1 , · · ·, ∂∂x̂d )T , it easily follows that Λε(zh) constructed in (2.11)
and (2.12) satisﬁes (2.9a,b). It is this construction that requires the right angle constraint
on the partitioning T h. Furthermore, we note from (2.7) that for all κ ∈ T h
∇zh.∇πh[F ′ε(zh)] |κ ≡ Rκ∇̂ẑh.Rκ∇̂π̂h[F ′ε(ẑh)] |κ̂
≡ ∇̂ẑh.∇̂π̂h[F ′ε(ẑh)] |κ̂≥ |∇̂ẑh|2 |κ̂≡ |∇zh|2 |κ
=⇒ (∇zh,∇πh[F ′ε(zh)]) ≥ |zh|21 ∀ zh ∈ Sh , (2.13)
where (π̂hη̂)(x̂) ≡ (πhη)(Rκx̂) and η̂(x̂) ≡ η(Rκx̂) for all x̂ ∈ κ̂.
In a similar fashion we introduce Ξ : Sh>0 → [L∞(Ω)]d×d such that for all zh ∈ Sh>0 and
a.e. in Ω
Ξ(zh) is symmetric and positive semi-deﬁnite, (2.14a)
[Ξ(zh)]3∇πh[G′(zh)] = ∇zh. (2.14b)
We extend the construction (2.11) – (2.12) for Λε to Ξ. In particular, in the case d = 1
we set for any zh ∈ Sh>0 and κ ∈ T h having vertices pj and pk
Ξ(zh) |κ:=
⎧⎪⎪⎪⎨⎪⎪⎩
(
zh(pk)−zh(pj)
G′(zh(pk))−G′(zh(pj))
)1
3
= [G′′(zh(ξ))]−
1
3 = zh(ξ)
for some ξ ∈ κ if zh(pk) = zh(pj),
[G′′(zh(pk))]−
1
3 = zh(pk) if z
h(pk) = z
h(pj).
(2.15)
Throughout we make use of the fact that the matrices Ξ(χ) and Λε(z
h) commute for any
χ ∈ Sh>0 and zh ∈ Sh, see (2.11).
To deﬁne our approximation of (P) it is convenient to split Φ, recall (1.6), into its
convex and concave parts. We have for given a, δ ∈ R>0 and ν > 3 that for all s ∈ R>0
Φ(s) = Φ+(s) + Φ−(s), where Φ+(s) := δ
ν−1 s
1−ν, Φ−(s) := −a
2
s−2. (2.16)
It holds, on recalling (1.4), that φ+ ≡ (Φ+)′ and φ− ≡ (Φ−)′. For future reference, we
note that the following hold for all r, s, γ ∈ R>0 and zh ∈ Sh>0
Φ(s) ≥ Φ( ( δ
a
)
1
ν−3 ) = −a (ν−3)
2 (ν−1) (
a
δ
)
2
ν−3 and − Φ−(s) ≤ a (ν−3)
2 (ν−1) (
2a
δ
)
2
ν−3 + 1
2
Φ+(s) , (2.17a)
(∇πh[G′(zh)],∇zh) ≤ γ (∇πh[φ+(zh)],∇zh) + C(γ) |zh|21 (2.17b)
and if ν ≥ 7
(φ−(r)− φ−(s))2 ≤ 9a2
δ ν
(φ+(r)− φ+(s)) (r − s) + 9a2 (r − s)2 . (2.18)
(2.17b) can be easily seen on considering the function ψ : R>0 → R, where ψ(r) :=
γ φ+(r)−G′(r)+C(γ) r. Obviously, on noting (1.4), (1.9) and (1.11) with β = ν+1, ψ is
monotonically increasing for C(γ) suﬃciently large. The result (2.18) is proved in Gru¨n
(2002, Lemma 4.4) for ν > 7. However, the proof stated there is also valid for ν ≥ 7.
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In addition to T h, let 0 = t0 < t1 < . . . < tN−1 < tN = T be a partitioning of [0, T ]
into possibly variable time steps τn := tn − tn−1, n = 1→ N . We set τ := maxn=1→N τn.
For any given ε ∈ (0, 1), we then consider the following fully practical ﬁnite element
approximation of (P) with σ(v) given by (1.15) and φ(u) given by (1.4):
(Ph,τε ) For n ≥ 1 ﬁnd {Unε ,W nε , V nε } ∈ [Sh]3 such that for all χ ∈ Sh(
Unε −Un−1ε
τn
, χ
)h
+ 1
3
([Ξ(Unε )]
3∇W nε ,∇χ) = −12 ([Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇χ), (2.19a)
c (∇Unε ,∇χ) + (φ+(Unε ) + φ−(Un−1ε ), χ)h = (W nε , χ)h, (2.19b)(
V nε −V n−1ε
τn
, χ
)h
+ ρ (∇V nε ,∇χ) + (Ξ(Unε ) Λε(V nε )∇V nε ,∇χ)
= −1
2
([Ξ(Unε )]
2Λε(V
n
ε )∇W nε ,∇χ); (2.19c)
where U0ε ∈ Sh>0 and V 0ε ∈ Sh are approximations of u0 and v0, respectively, e.g. U0ε ≡ πhu0
or Qhu0 and similarly V 0ε .
Setting V nε ≡ 0, n = 0→ N , (2.19a,b) collapses to the approximation of the thin ﬁlm
equation, (1.1a–c) with v ≡ 0, studied in Gru¨n (2002). Note that the convex(concave)
terms in Φ are approximated implicitly(explicitly) in (2.19b). Note furthermore that we
approximate u2 by [Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2 in (2.19a) and by [Ξ(Unε )]
2 in (2.19c), respectively,
in order for our discrete stability bounds to hold; cf. Theorem 2.4 below, and (2.63) – (2.66)
in particular. As U0ε > 0, one can ensure that Ξ(U
n−1
ε ) and φ
−(Un−1ε ) are well-deﬁned for
n ≥ 1; see Theorem 2.1 below.
Remark 2.1 In BGN the following approximation to (P) was studied.
(Qh,τε ) For n ≥ 1 ﬁnd {Unε ,W nε , V nε } ∈ [Sh]3 such that for all χ ∈ Sh(
Unε −Un−1ε
τn
, χ
)h
+ 1
3
(πh[(Un−1ε )
3]∇W nε ,∇χ) = −12 (πh[(Un−1ε )2]∇V n−1ε ,∇χ), (2.20a)
c (∇Unε ,∇χ) + (φ+(Unε ) + φ−(Un−1ε ), χ)h = (W nε , χ)h, (2.20b)(
V nε −V n−1ε
τn
, χ
)h
+ ρ (∇V nε ,∇χ) + (Unε Λε(V nε )∇V nε ,∇χ)
= −1
2
(πh[(Unε )
1
2 (Un−1ε )
3
2 ] Λε(V
n
ε )∇W nε ,∇χ). (2.20c)
Note that (Ph,τε ) in contrast to (Q
h,τ
ε ) uses Ξ and approximates u in the term u
3∇w
at the new time level. Furthermore, the schemes vary in the way they approximate u2
in the right hand side terms. We note that with imposing Unε ∈ Sh≥0 as a constraint
and formulating (2.20b) as a variational inequality, (Qh,τε ) can easily be adapted to the
case δ = 0 (φ+ ≡ 0). This makes it possible to prove convergence also in the absence of
(repulsive) van der Waals forces. However, the convergence results for (Qh,τε ) are restricted
to the case d = 1, see BGN. In this paper, on the other hand, we will prove convergence
in space dimensions d = 1 and 2 for (Ph,τε ). As this requires the presence of repulsive
van der Waals forces, see Remark 3.2 below, we have to assume that inf u0 > 0. Finally
we note that for n ≥ 1 given {Un−1ε , V n−1ε }, while one can show that the solution Unε of
(2.20a) is unique; like Gru¨n (2002) in the case V n−1ε ≡ 0, we are not able to establish this
result for (2.19a).
Remark 2.2 The restriction of σ to the linear case (1.15) is not crucial for the analysis
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in this paper. However, this choice simpliﬁes our considerations and is also more practical.
Diﬀerent choices of σ, e.g. (1.3), can be incorporated into (Ph,τε ) by replacing (2.19a,c)
with(
Unε −Un−1ε
τn
, χ
)h
+ 1
3
([Ξ(Unε )]
3∇W nε ,∇χ) = 12 ([Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇πh[σε(V n−1ε )],∇χ),(
V nε −V n−1ε
τn
, χ
)h
+ ρ (∇V nε ,∇χ)− (Ξ(Unε ) Λ˜ε(V nε )∇πh[σε(V nε )],∇χ)
= −1
2
([Ξ(Unε )]
2 Λ˜ε(V
n
ε )∇W nε ,∇χ);
where Λ˜ε : S
h → [L∞(Ω)]d×d is such that for all zh ∈ Sh and a.e. in Ω
Λ˜ε(z
h) is symmetric and positive semi-deﬁnite, (2.22a)
Λ˜ε(z
h)∇πh[F˜ ′ε(zh)] = −∇πh[σε(zh)]; (2.22b)
and σε ∈ C1(R) is a regularized version of σ deﬁned by
σε(s) :=
⎧⎨⎩
σ(ε) + (s− ε)σ′(ε) s ≤ ε
σ(s) ε ≤ s ≤ M
σ(M) + (s−M)σ′(M) M ≤ s .
(2.23)
Here it is implicitly assumed that v(x, t) ∈ [0,M ]. Furthermore, F˜ε ∈ C2(R) in (2.22b) is
such that
F˜ ′′ε (s) :=
⎧⎨⎩
−σ′ε(ε) ε−1 s ≤ ε
−σ′ε(s) s−1 ε ≤ s ≤ M
−σ′ε(M)M−1 M ≤ s .
(2.24)
We observe that F˜ε approximates F ∈ C2((0,M ]) as in (1.5) and is convex. Similarly to
(2.11) – (2.12), the construction of Λ˜ε is straightforward and yields in the case d = 1 for
any zh ∈ Sh and κ ∈ T h having vertices pj and pk that
Λ˜ε(z
h) |κ:=
⎧⎪⎨⎪⎩
− σε(zh(pk))−σε(zh(pj))
˜F ′ε(zh(pk))− ˜F ′ε(zh(pj))
if zh(pk) = zh(pj),
− σ′ε(zh(pk))
˜F ′′ε (zh(pk))
if zh(pk) = z
h(pj).
(2.25)
We note that Λ˜ε approximates λ˜, where λ˜(s) := [s−M ]− +M similarly to (1.16).
The convergence analysis for the linear case (1.15) presented in this paper can be
adapted to more general σ, as above, but these details will be reported on elsewhere.
Below we recall some well-known results concerning Sh for any κ ∈ T h, χ, zh ∈ Sh,
m ∈ {0, 1}, p ∈ [1,∞], s ∈ [2,∞] if d = 1 and s ∈ (2,∞] if d = 2:
|χ|1,κ ≤ C h−1κ |χ|0,κ ; (2.26)
|χ|m,r,κ ≤ C h−d (
1
p
−1
r
)
κ |χ|m,p,κ for any r ∈ [p,∞] ; (2.27)
lim
h→0
‖(I − πh)η‖1,s = 0 ∀ η ∈W 1,s(Ω) ; (2.28)
|(I − πh)η|m ≤ C h2−m |η|2 ∀ η ∈ H2(Ω) ; (2.29)
|(I − πh)η|m,s ≤ C h1−m |η|1,s ∀ η ∈W 1,s(Ω) ; (2.30)∫
κ
χ2 dx ≤ ∫
κ
πh[χ2] dx ≤ (d+ 2) ∫
κ
χ2 dx ; (2.31)
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|(χ, zh)− (χ, zh)h| ≤ |(I − πh)(χ zh)|0,1 ≤ C h1+m |χ|m,p |zh|1,p′ . (2.32)
It follows from (2.4) that
(Qhη)(pj) =
(η, χj)
(1, χj)
∀ j ∈ J =⇒ |Qhη|0,∞ ≤ |η|0,∞ ∀ η ∈ L∞(Ω). (2.33)
In addition, it holds for m ∈ {0, 1} that
|(I −Qh)η|m,r ≤ C h1−m |η|1,r ∀ η ∈W 1,r(Ω) for any r ∈ [2,∞]. (2.34)
On setting Zh := {zh ∈ Sh : (zh, 1) = 0}, it is easily established that
|zh|0,q ≤ C h−1 |Gzh|1,q ∀ zh ∈ Zh for any q ∈ (1, 2]. (2.35)
On introducing the “discrete Laplacian” operator Δh : Sh → Zh such that
(Δhzh, χ)h = −(∇zh,∇χ) ∀ χ ∈ Sh; (2.36)
it follows, as Ω is convex, that for all zh ∈ Sh
|zh|1,s ≤ C |Δhzh|0 , where s =∞ if d = 1, s ∈ (1,∞) if d = 2 ; (2.37)
see for example Barrett, Langdon & Nu¨rnberg (2002, Lemma 3.1). Finally, we note that
the results (2.34), (2.35) and (2.37) above exploit the fact that we have a quasi-uniform
family of partitionings {T h}h>0.
Lemma 2.1 Let the assumptions (A) hold and let ‖ · ‖ denote the spectral norm on
R
d×d. Then for any given ε ∈ (0, 1) the function Λε : Sh → [L∞(Ω)]d×d satisﬁes
ε ξT ξ ≤ ξTΛε(zh)ξ ≤ ξT ξ ∀ ξ ∈ Rd, zh ∈ Sh (2.38)
and is continuous. In particular it holds for all zh1 , z
h
2 ∈ Sh, κ ∈ T h that
‖(Λε(zh1 )− Λε(zh2 )) |κ ‖ = ‖(Λ̂ε(ẑh1 )− Λ̂ε(ẑh2 )) |κ̂ ‖
≤ max
s∈R
F ′′ε (s) max
s∈R
[F ′′ε (s)]
−1 max
k=1→d
[ |zh1 (pjk)− zh2 (pjk)|+ |zh1 (pj0)− zh2 (pj0)| ]
≤ ε−1 max
k=1→d
[ |zh1 (pjk)− zh2 (pjk)|+ |zh1 (pj0)− zh2 (pj0 )| ] , (2.39)
where we have adopted the notation (2.11) and (2.12).
Proof. See the proof of Lemma 2.1 in BGN. 2
We introduce also for any ε ∈ (0, 1), on recalling (1.9), the regularized function
Gε : R→ R≥0 such that
Gε(s) :=
{
G(ε) + (s− ε)G′(ε) + (s−ε)2
2
G′′(ε) s ≤ ε
G(s) ε ≤ s . (2.40)
Hence Gε ∈ C2,1(R) with the ﬁrst two derivatives of Gε given by
G′ε(s) :=
{
G′(ε) + (s− ε)G′′(ε) s ≤ ε
G′(s) ε ≤ s and G
′′
ε(s) :=
{
G′′(ε) s ≤ ε
G′′(s) ε ≤ s , (2.41)
respectively. Furthermore we deﬁne Ξε : S
h → [L∞(Ω)]d×d, for any ε ∈ (0, 1), such that
for all zh ∈ Sh the analogues of (2.14a,b) with G replaced by Gε hold.
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Lemma 2.2 Let the assumptions (A) hold. Then for any given ε ∈ (0, 1) the functions
Ξ : Sh>0 → [L∞(Ω)]d×d and Ξε : Sh → [L∞(Ω)]d×d satisfy for all κ ∈ T h, β ∈ (0,∞)
min
x∈κ
[zh(x)]β ξT ξ ≤ ξT [Ξ(zh)]β |κ ξ ≤ max
x∈κ
[zh(x)]β ξT ξ ∀ ξ ∈ Rd, zh ∈ Sh>0; (2.42a)
εβ ξT ξ ≤ ξT [Ξε(zh)]β |κ ξ ≤ max
x∈κ
[max{ε, zh(x)}]β ξT ξ ∀ ξ ∈ Rd, zh ∈ Sh. (2.42b)
Moreover, Ξε is continuous. In particular it holds for all z
h
1 , z
h
2 ∈ ShM := {zh ∈ Sh : |zh| ≤
M}, κ ∈ T h, β ∈ (0,∞) that
‖ ( [Ξε(zh1 )]β − [Ξε(zh2 )]β ) |κ ‖max{ 3β ,1}
≤ C(β,M) max
|s|≤M
G′′ε(s) max|s|≤M
[G′′ε(s)]
−1 max
k=1→d
[ |zh1 (pjk)− zh2 (pjk)|+ |zh1 (pj0)− zh2 (pj0)| ]
≤ C(β,M, ε) max
k=1→d
[ |zh1 (pjk)− zh2 (pjk)|+ |zh1 (pj0)− zh2 (pj0 )| ] . (2.43)
Proof. The desired results (2.42a,b) follow from (1.9), (2.41) and the construction of Ξ(ε),
cf. (2.15). The continuity of Ξε follows similarly to the proof of Lemma 2.1. Adopting the
notation (2.11) and (2.12) we have that
‖ ( [Ξε(zh1 )]β − [Ξε(zh2 )]β ) |κ ‖ = ∥∥∥([Ξ̂ε(ẑh1 )]β − [Ξ̂ε(ẑh2 )]β) |κ̂∥∥∥
= max
k=1→d
∣∣∣[([Ξ̂ε(ẑh1 )]β − [Ξ̂ε(ẑh2 )]β) |κ̂]
kk
∣∣∣ (2.44a)
and ∣∣∣[([Ξ̂ε(ẑh1 )]β − [Ξ̂ε(ẑh2 )]β) |κ̂]
kk
∣∣∣
≤
∣∣∣[([Ξ̂ε(ẑh1 )]β − [Ξ̂ε(ẑh1,2)]β) |κ̂]
kk
∣∣∣+ ∣∣∣[([Ξ̂ε(ẑh1,2)]β − [Ξ̂ε(ẑh2 )]β) |κ̂]
kk
∣∣∣
=
∣∣∣[G′′ε(μ1)]−β3 − [G′′ε(ζ)]−β3 ∣∣∣+ ∣∣∣[G′′ε(ζ)]−β3 − [G′′ε(μ2)]−β3 ∣∣∣ , (2.44b)
where zh1,2 ∈ ShM with zh1,2(pj0 ) = zh2 (pj0 ) and zh1,2(pjk) = zh1 (pjk), μi lies between zhi (pj0)
and zhi (pjk), i = 1→ 2, and ζ lies between zh1 (pjk) and zh2 (pj0).
Similarly to the proof of Lemma 2.1 one can easily show, on noting the Lipschitz and
Ho¨lder continuity of the function [·] β3 for β
3
≥ 1 and β
3
< 1, respectively, that∣∣∣[G′′ε(μ1)]−β3 − [G′′ε(ζ)]−β3 ∣∣∣ ≤ C(β,M) ∣∣[G′′ε(μ1)]−1 − [G′′ε(ζ)]−1∣∣min{ β3 ,1}
≤ C(β,M)
[
max
|s|≤M
G′′ε(s) max|s|≤M
[G′′ε(s)]
−1 |zh1 (pj0) − zh2 (pj0)|
]min{ β
3
,1}
≤ C(β,M, ε) |zh1 (pj0)− zh2 (pj0)|min{
β
3
,1} . (2.45)
Combining (2.44a,b), (2.45) and a similar result for the second term on the right hand
side of (2.44b) yields the desired result (2.43). 2
We introduce for all ε ∈ (0, 1), λε : R → [ε, 1] deﬁned, on recalling (1.16) and (1.17),
by
λε(s) := [λ(s)− ε]+ + ε. (2.46)
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Lemma 2.3 Let the assumptions (A) hold. Then for any given ε ∈ (0, 1) the functions
Λε : S
h → [L∞(Ω)]d×d and Ξ : Sh>0 → [L∞(Ω)]d×d are such that for all κ ∈ T h
max
x∈κ
‖{Λε(zh)− λε(zh)I}(x)‖ ≤ hκ |∇λε(zh)|0,∞,κ ≤ hκ |∇zh |κ | ∀ zh ∈ Sh, (2.47a)
max
x∈κ
‖{[Ξ(zh)]β − [zh]β I}(x)‖ ≤ max{β, 1} |zh|max{β−1,0}0,∞,κ [ hκ |∇zh |κ | ]min{β,1}
∀ β ∈ (0,∞), zh ∈ Sh>0, (2.47b)
where I is the d× d identity matrix.
Proof. Adopting the notation of (2.11), we have from (2.12), (2.7), (2.46), (1.16) and the
Lipschitz continuity of λε that
max
x∈κ
‖{Λε(zh)− λε(zh)I}(x)‖ = max
x̂∈κ̂
‖{Λ̂ε(ẑh)− λε(ẑh)I}(x̂)‖
= max
x̂∈κ̂
max
k=1→d
| [Λ̂ε(ẑh)]kk − λε(ẑh)(x̂) | ≤ hκ |∇̂λε(ẑh)|0,∞,κ̂
= hκ |∇λε(zh)|0,∞,κ ≤ hκ |∇zh |κ |, (2.48)
where we have noted that [Λ̂ε(ẑ
h) |κ]kk = λε(ẑh(ξ̂(k))) ≡ λε(zh(ξ(k))) with ξ(k) ≡ Rκξ̂(k) ∈ κ
for some point ξ̂(k) ∈ κ̂. Hence we obtain the desired result (2.47a). Similarly to (2.48)
we have from (2.15), (1.9) and the Lipschitz and Ho¨lder continuity of the function [·]β for
β ≥ 1 and β < 1, respectively, that
max
x∈κ
‖{[Ξ(zh)]β − [zh]β I}(x)‖ = max
x̂∈κ̂
‖{[Ξ̂(ẑh)]β − [ẑh]β I}(x̂)‖
= max
x̂∈κ̂
max
k=1→d
| [Ξ̂(ẑh)]βkk − [ẑh(x̂)]β | ≤ max{β, 1} |zh|max{β−1,0}0,∞,κ [ hκ |∇zh |κ | ]min{β,1} ,
and hence the desired result (2.47b). 2
In order to prove existence of a solution to (Ph,τε ) we need to go through a regularization
procedure, which is similar to that used for the logarithmic Cahn-Hilliard equation; see
e.g. Barrett, Blowey & Garcke (1999) and Barrett & Blowey (2001). For this purpose
we introduce for any μ ∈ R>0, on recalling (2.16), the C2,1 convex(concave) functions
Φ±μ : R→ R≥0 such that
Φ±μ (s) :=
{
Φ±(μ) + (s− μ)φ±(μ) + (s−μ)2
2
(φ±)′(μ) s ≤ μ
Φ±(s) μ ≤ s . (2.49)
We set φ±μ := (Φ
±
μ )
′, Φμ := Φ+μ + Φ
−
μ and note that Φ
+(s) ≥ Φ+μ (s) ≥ 0 ≥ Φ−μ (s) ≥ Φ−(s)
for all s ∈ R>0. Furthermore, Φ is strictly monotonically decreasing on (0, [ δa ]
1
ν−3 ) and Φ−1
is uniquely deﬁned on R≥0. Moreover, we recall the regularized functions Gμ : R → R≥0
and Ξμ : S
h → [L∞(Ω)]d×d, see (2.40) and (2.14a,b).
Theorem 2.1 Let φ(·) satisfy (1.4) with a, δ > 0. Let the assumptions (A) hold and
Un−1ε ∈ Sh>0, V n−1ε ∈ Sh. Then for all ε ∈ (0, 1) and for all h, τn > 0 there exists a
solution {Unε ,W nε , V nε } ∈ Sh>0 × Sh × Sh to the n-th step of (Ph,τε ) with
∫−Unε = ∫−Un−1ε
and
∫−V nε = ∫−V n−1ε .
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Proof. Due to the singular nature of the nonlinearity φ+(s) we have to go through a
regularization procedure in order to prove existence of a solution to (2.19a,b). Hence we
introduce the following regularized version for any ﬁxed T h, ε ∈ (0, 1) and any μ > 0:
Find {Unε, μ,W nε, μ} ∈ Sh × Sh such that for all χ ∈ Sh
(
Unε,μ−Un−1ε
τn
, χ
)h
+ 1
3
([Ξμ(U
n
ε, μ)]
3∇W nε, μ,∇χ) = −12 ([Ξμ(Unε, μ)]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇χ),
(2.50a)
c (∇Unε,μ,∇χ) + (φ+μ (Unε, μ) + φ−μ (Un−1ε ), χ)h = (W nε, μ, χ)h. (2.50b)
We now adapt the argument in Gru¨n (2002, Lemma 3.2) to prove existence of a solution
to (2.50a,b). Let m :=
∫−Un−1ε and Dμ : Zh → Zh be such that for any U ∈ Zh
(Dμ(U), χ)
h = (U − (I − ∫−)Un−1ε , χ)h + τn3 ([Ξμ(U +m)]3∇W,∇χ)
+ τn
2
([Ξμ(U +m)]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇χ) ∀ χ ∈ Sh , (2.51a)
where W ≡ − cΔhU + πh[φ+μ (U +m) + φ−μ (Un−1ε )] . (2.51b)
Note that solving (2.50a,b) is equivalent to ﬁnding a U ∈ Zh with Dμ(U ) = 0, since
given such a U then {Unε, μ,W nε, μ} ≡ {U +m,−cΔhU +πh[φ+μ (U +m)+φ−μ (Un−1ε )]} solves
(2.50a,b).
Assume that for a given R > 0 there does not exist a U ∈ ZhR := {zh ∈ Zh : |zh|1 ≤ R}
with Dμ(U ) = 0. For any ﬁxed μ > 0 and R > 0, it follows immediately from (2.51a,b),
(2.36), (2.26), (2.27), (2.43) and (2.49) that Dμ is continuous on Z
h
R. Hence we can deﬁne
the continuous function Bμ : Z
h
R → ZhR, where Bμ(U) := −RDμ(U)|Dμ(U)|1 . As ZhR is a convex and
compact subset of the ﬁnite dimensional space Sh, the Brouwer ﬁxed point theorem (see
e.g. Renardy & Rogers (1992)) asserts that there exists a UR ∈ ZhR with Bμ(UR) = UR.
Moreover |UR|1 = R. We will now prove a contradiction for R suﬃciently large.
Let WR ∈ Sh be deﬁned by (2.51b) with U replaced by UR. Then (2.36), the mono-
tonicity of φ+μ , (1.8), (2.31) and (1.22) yield that
(UR,WR)
h = c |UR|21 + (UR, φ+μ (UR +m) + φ−μ (Un−1ε ))h
= c |UR|21 + (UR +m−m,φ+μ (UR +m)− φ+μ (m))h + (UR, φ+μ (m) + φ−μ (Un−1ε ))h
≥ c |UR|21 − γ |UR|2h − C(γ, Un−1ε ) ≥ c2 |UR|21 − C(γ, Un−1ε ) = c2 R2 − C(γ, Un−1ε )
∀ μ ∈ (0, m] , (2.52)
for γ > 0 suﬃciently small. Similarly to (2.52), and on noting the elementary identity
2 r (r − s) = (r2 − s2) + (r − s)2 ∀ r, s ∈ R , (2.53)
we obtain from (2.51a,b), (1.8) and the monotonicity of φ+μ that for all μ ∈ (0, μ1], where
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μ1 := minx∈ΩU
n−1
ε (x),
(Dμ(UR),WR)
h = (UR +m− Un−1ε ,WR)h + τn3 ([Ξμ(UR +m)]3∇WR,∇WR)
+ τn
2
([Ξμ(UR +m)]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇WR)
≥ c
2
|UR|21 − c2 |Un−1ε |21 + (UR +m− Un−1ε , φ+μ (UR +m) + φ−μ (Un−1ε ))h
− τn
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε )
≥ c
2
|UR|21 − c2 |Un−1ε |21 + (UR +m− Un−1ε , φ+μ (Un−1ε ) + φ−μ (Un−1ε ))h
− τn
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε )
≥ c
4
|UR|21 − C(γ, τn, Un−1ε , V n−1ε ) = c4 R2 − C(γ, τn, Un−1ε , V n−1ε ) , (2.54)
again for γ > 0 suﬃciently small. Combining (2.52) and (2.54) yields for any μ ∈ (0, μ1]
that
(UR,WR)
h > 0 and (Dμ(UR),WR)
h > 0 for R suﬃciently large , (2.55)
which clearly contradicts (UR,WR)
h = (Bμ(UR),WR)
h = − R|Dμ(UR)|1 (Dμ(UR),WR)
h < 0.
Hence we have existence of a solution {Unε, μ,W nε, μ} to (2.50a,b) for all μ ∈ (0, μ1].
We will now show that, for μ suﬃciently small, {Unε, μ,W nε, μ} solves (2.19a,b). Choosing
χ ≡ W nε, μ in (2.50a) and χ ≡ Unε, μ − Un−1ε in (2.50b) yields that
(Unε, μ − Un−1ε ,W nε, μ)h + τn3 ([Ξμ(Unε, μ)]3∇W nε,μ,∇W nε, μ)
= − τn
2
([Ξμ(U
n
ε, μ)]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇W nε,μ) , (2.56a)
c (∇Unε, μ,∇(Unε, μ − Un−1ε )) + (φ+μ (Unε, μ) + φ−μ (Un−1ε ), Unε, μ − Un−1ε )h
= (W nε, μ, U
n
ε, μ − Un−1ε )h . (2.56b)
On noting (2.53), the convexity of Φ+μ and the concavity of Φ
−
μ , it follows from (2.56b)
that
c
2
|Unε, μ|21 + c2 |Unε, μ − Un−1ε |21 + (Φμ(Unε, μ), 1)h
≤ c
2
|Un−1ε |21 + (Φμ(Un−1ε ), 1)h + (W nε, μ, Unεμ − Un−1ε )h . (2.57)
Combining (2.56a) and (2.57) yields for μ ∈ (0, μ1] that
c
2
|Unε, μ|21 + (Φμ(Unε, μ), 1)h + τn3 ([Ξμ(Unε, μ)]3∇W nε, μ,∇W nε, μ) + c2 |Unε, μ − Un−1ε |21
≤ c
2
|Un−1ε |21 + (Φ(Un−1ε ), 1)h − τn2 ([Ξμ(Unε, μ)]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇W nε, μ)
≤ C [|Un−1ε |21 + (Φ(Un−1ε ), 1)h + τn4 (Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε )] . (2.58)
The bound (2.58) yields the existence of constants Ci independent of μ ∈ (0, μ1] such that
(Φμ(U
n
ε, μ), 1)
h ≤ C1 ⇒ Φμ(Unε, μ(xj)) ≤ C2 h−dmin =: C3 ∀ j ∈ J , (2.59)
where hmin := minκ∈T h hκ. Combining (2.59), (2.49) and (2.16) yields for all μ ∈ (0, μ2],
where μ2 := min{Φ−1(C3), μ1}, and for all j ∈ J that
Φ(Unε, μ(xj)) = Φμ(U
n
ε, μ(xj)) ≤ C3 ⇒ Unε, μ(xj) ≥ μ2 > 0 . (2.60)
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This yields that for all μ ∈ (0, μ2] a solution {Unε, μ,W nε, μ} to (2.50a,b) solves (2.19a,b)
as Ξμ(U
n
ε, μ) ≡ Ξ(Unε, μ), φ+μ (Unε, μ) ≡ φ+(Unε, μ) and φ−μ (Un−1ε ) ≡ φ−(Un−1ε ). Hence we have
existence of a solution {Unε ,W nε } to (2.19a,b).
Finally, existence of a solution V nε to (2.19c) follows from a similar, but simpler, ap-
plication of the Brouwer ﬁxed point theorem; see the proof of Theorem 2.1 in BGN for
details. 2
Lemma 2.4 Let the assumptions of Theorem 2.1 hold. Then for all ε ∈ (0, 1) and for
all h, τn > 0 a solution {Unε ,W nε , V nε } to the n-th step of (Ph,τε ) is such that
E(Unε , V nε ) + c2 |Unε − Un−1ε |21 + 12 |V nε − V n−1ε |2h + ρ τn (∇V nε ,∇πh[F ′ε(V nε )])
+ τn
24
([Ξ(Unε )]
3∇W nε ,∇W nε ) + 58 τn (Ξ(Unε )∇V nε ,∇V nε )
≤ E(Un−1ε , V n−1ε ) + τn2 (Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) , (2.61a)
where
E(Unε , V nε ) := c2 |Unε |21 + (Φ(Unε ) + Fε(V nε ), 1)h . (2.61b)
Furthermore if φ(·) satisﬁes (1.4) with ν ≥ 7, then
(G(Unε ), 1)
h+ τn
4
(∇πh[φ+(Unε )],∇Unε ) + c3 τn |ΔhUnε |2h
≤ (G(Un−1ε ), 1)h + τn8 (∇πh[φ+(Un−1ε )],∇Un−1ε ) + C τn [ |Unε |21 + |Un−1ε |21 ]
+ τn
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) . (2.62)
Proof. Similarly to (2.58) we obtain, on choosing χ ≡ W nε in (2.19a) and χ ≡ Unε −Un−1ε
in (2.19b), that
c
2
|Unε |21 + (Φ(Unε ), 1)h + τn3 ([Ξ(Unε )]3∇W nε ,∇W nε ) + c2 |Unε − Un−1ε |21
≤ c
2
|Un−1ε |21 + (Φ(Un−1ε ), 1)h − τn2 ([Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇W nε ) . (2.63)
Choosing χ ≡ πh[F ′ε(V nε )] in (2.19c) and noting (2.9a,b) yields that
(V nε − V n−1ε , F ′ε(V nε ))h + ρ τn (∇V nε ,∇πh[F ′ε(V nε )]) + τn (Ξ(Unε )∇V nε ,∇V nε )
= − τn
2
([Ξ(Unε )]
2∇W nε ,∇V nε ) . (2.64)
Now F ′′ε ≥ 1 implies that
(V nε − V n−1ε , F ′ε(V nε ))h ≥ (Fε(V nε )− Fε(V n−1ε ), 1)h + 12 |V n−1ε − V nε |2h . (2.65)
Combining (2.63), (2.64), (2.65) and noting (1.8) and (2.61b) yields that
E(Unε , V nε ) + c2 |Unε − Un−1ε |21 + 12 |V nε − V n−1ε |2h + ρ τn (∇V nε ,∇πh[F ′ε(V nε )])
+ τn
3
([Ξ(Unε )]
3∇W nε ,∇W nε ) + τn (Ξ(Unε )∇V nε ,∇V nε )
≤ E(Un−1ε , V n−1ε )− τn2 ([Ξ(Unε )]2∇W nε ,∇V nε )− τn2 ([Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇W nε ,∇V n−1ε )
≤ E(Un−1ε , V n−1ε ) + ζ+γ4 τn ([Ξ(Unε )]3∇W nε ,∇W nε )
+ τn
4ζ
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) + τn4γ (Ξ(Unε )∇V nε ,∇V nε ), (2.66)
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for arbitrary ζ, γ > 0. Choosing ζ = 1
2
and γ = 2
3
leads to the desired result (2.61a).
Furthermore, choosing χ ≡ πh[G′(Unε )] in (2.19a) and χ ≡ −ΔhUnε in (2.19b) yields on
noting (2.14b) and (2.36) that(
Unε −Un−1ε
τn
, G′(Unε )
)h
+ 1
3
(∇W nε ,∇Unε ) = −12 ([Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇πh[G′(Unε )])
≤ 1
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) + 14 (∇πh[G′(Unε )],∇Unε ) , (2.67a)
(∇W nε ,∇Unε ) = c |ΔhUnε |2h + (∇πh[φ+(Unε ) + φ−(Un−1ε )],∇Unε ) . (2.67b)
On noting the convexity of G it follows from (2.67a,b) that
(G(Unε )−G(Un−1ε ), 1)h + c3 τn |ΔhUnε |2h + τn3 (∇πh[φ+(Unε )],∇Unε )
≤ τn
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) + τn4 (∇πh[G′(Unε )],∇Unε )− τn3 (∇πh[φ−(Un−1ε )],∇Unε ) .
(2.68)
If ν ≥ 7, it follows from (2.68), (2.17b) and (2.18) that
(G(Unε )−G(Un−1ε ), 1)h + c3 τn |ΔhUnε |2h + (13 − γ4 ) τn (∇πh[φ+(Unε )],∇Unε )
≤ τn
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) + C(γ, ξ) τn |Unε |21 + ξ6 τn |∇πh[φ−(Un−1ε )]|20
≤ τn
4
(Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε ) + C(γ, ξ) τn |Unε |21 + C ξ τn |Un−1ε |21
+ C ξ τn (∇πh[φ+(Un−1ε )],∇Un−1ε ) (2.69)
for arbitrary ξ, γ > 0. The desired result (2.62) then follows on choosing ξ and γ appro-
priately. 2
Remark 2.3 We note that (2.61a,b) and (2.62) are the discrete analogues of the formal
energy estimates (1.6) and (1.12), respectively, on recalling (1.7) and (1.15).
Theorem 2.2 Let φ(·) satisfy (1.4) with a, δ > 0. Let the assumptions (A) hold and
U0ε ∈ Sh>0, V 0ε ∈ Sh. Then for all ε ∈ (0, 1), h > 0 a solution {Unε ,W nε , V nε }Nn=1 to (Ph,τε )
is such that Unε > 0,
∫−Unε = ∫−U0ε and ∫−V nε = ∫−V 0ε , n = 1 → N , and if τn ≤ 54 ω τn−1,
n = 2→ N for an ω ∈ (0, 1), then
c max
n=1→N
‖Unε ‖21 + max
n=1→N
(Φ(Unε ), 1)
h + max
n=1→N
(Fε(V
n
ε ), 1)
h
+ max
n=1→N
|V nε |20 + ε−1 max
n=1→N
|πh[V nε ]−|20
+ c
N∑
n=1
‖Unε − Un−1ε ‖21 +
N∑
n=1
|V nε − V n−1ε |20 + ρ
N∑
n=1
τn(∇V nε ,∇πh[F ′ε(V nε )])
+ ρ
N∑
n=1
τn‖V nε ‖21 +
N∑
n=1
τn ([Ξ(U
n
ε )]
3∇W nε ,∇W nε ) + (1− ω)
N∑
n=1
τn (Ξ(U
n
ε )∇V nε ,∇V nε )
≤ C [ 1 + ‖U0ε ‖21 + (Φ(U0ε ) + Fε(V 0ε ), 1)h + (Ξ(U0ε )∇V 0ε ,∇V 0ε ) ] . (2.70)
In addition
N∑
n=1
τn
∣∣∣G[Unε −Un−1ετn ]∣∣∣21,q +
N∑
n=1
τn
∣∣∣G[V nε −V n−1ετn ]∣∣∣21,q
≤ C( max
n=0→N
|[Ξ(Unε )]3|0,r)
[
1 + ‖U0ε ‖21 + (Φ(U0ε ) + Fε(V 0ε ), 1)h + (Ξ(U0ε )∇V 0ε ,∇V 0ε )
]
,
(2.71a)
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where q = 2 and r =∞ if d = 1, q ∈ (1, 2) and r = 2q
2−q if d = 2, and
|[Ξ(Unε )]β|0,s ≤ C ‖Unε ‖β1 ∀ β ∈ (0,∞), ∀ s ∈
{
[1,∞] if d = 1,
[1,∞) if d = 2. (2.71b)
Furthermore if φ(·) satisﬁes (1.4) with ν ≥ 7, then
max
n=1→N
(G(Unε ), 1)
h + c
N∑
n=1
τn |ΔhUnε |2h +
N∑
n=1
τn (∇πh[φ+(Unε )],∇Unε )
≤ C [ 1 + ‖U0ε ‖21 + (Φ(U0ε ) + Fε(V 0ε ) +G(U0ε ), 1)h + (∇πh[φ+(U0ε )],∇U0ε )
+ (Ξ(U0ε )∇V 0ε ,∇V 0ε )
]
. (2.72)
Proof. Summing (2.61a) from n = 1 → k and observing that τn ≤ 54 ω τn−1, n = 2 → k,
yields for any k ≤ N that
E(Ukε , V kε ) + 12
k∑
n=1
[
c |Unε − Un−1ε |21 + |V nε − V n−1ε |2h
]
+ ρ
k∑
n=1
τn(∇V nε ,∇πh[F ′ε(V nε )])
+ 1
24
k∑
n=1
τn ([Ξ(U
n
ε )]
3∇W nε ,∇W nε ) + 58 (1− ω)
k∑
n=1
τn (Ξ(U
n
ε )∇V nε ,∇V nε )
≤ E(U0ε , V 0ε ) + τ12 (Ξ(U0ε )∇V 0ε ,∇V 0ε ) . (2.73)
Therefore, on noting (2.8) and (2.17a), the bounds 1 → 3, 6 → 8 and 10 → 11 in (2.70)
follow from (2.73), Unε − Un−1ε ∈ Zh, (1.22), (2.3) and (2.31). Combining the third bound
in (2.70) and (2.8) yields the bounds 4→ 5 in (2.70). Bounds 4 and 8 in (2.70) yield, on
noting (2.13), bound 9 in (2.70).
From (1.21), (2.4), (2.19a) and (2.34) we obtain for any η ∈W 1,q′(Ω) that
(∇G[Unε −Un−1ε
τn
],∇η) = (Unε −Un−1ε
τn
, η) = (U
n
ε −Un−1ε
τn
, Qhη)h
= −(1
3
[Ξ(Unε )]
3∇W nε + 12 [Ξ(Unε )]
3
2 [Ξ(Un−1ε )]
1
2∇V n−1ε ,∇Qhη)
≤ C |[Ξ(Unε )]
3
2 |0,r
[
|[Ξ(Unε )]
3
2 ∇W nε |0 + |[Ξ(Un−1ε )]
1
2 ∇V n−1ε |0
]
|Qhη|1,q′
≤ C |[Ξ(Unε )]
3
2 |0,r
[
|[Ξ(Unε )]
3
2 ∇W nε |0 + |[Ξ(Un−1ε )]
1
2 ∇V n−1ε |0
]
|η|1,q′. (2.74)
Similarly to (2.74), from (1.21), (2.4), (2.19c), (2.38) and (2.34) we obtain that
(∇G[V nε −V n−1ε
τn
],∇η) = (V nε −V n−1ε
τn
, Qhη)h
= −ρ (∇V nε ,∇Qhη)− (Ξ(Unε ) Λε(V nε )∇V nε + 12 [Ξ(Unε )]2Λε(V nε )∇W nε ,∇Qhη)
≤ C
[
ρ |∇V nε |0 + |[Ξ(Unε )]
1
2 |0,r
(
|[Ξ(Unε )]
1
2 ∇V nε |0 + |[Ξ(Unε )]
3
2 ∇W nε |0
) ]
|η|1,q′. (2.75)
Combining (2.74), (2.75), the assumptions on τn and the bounds 9→ 11 in (2.70) yields
the bounds (2.71a).
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The bound (2.42a) yields for any κ ∈ T h with vertices {pi}di=0 that
‖Ξ(Unε ) |κ ‖ ≤ max
i=0→d
|Unε (pi)| ⇒ ‖[Ξ(Unε )]β |κ ‖ ≤ max
i=0→d
|Unε (pi)|β ∀ β ∈ (0,∞) .
(2.76)
Now (2.71b), at ﬁrst for β s ≥ 1, follows from (2.76), (2.27) and (1.19). This preliminary
result then immediately yields the desired result (2.71b) for all stated β and s.
Finally, summing (2.62) from n = 1→ k and observing that τn ≤ 54 ω τn−1, n = 2→ k,
yields for any k ≤ N that
(G(Ukε ), 1)
h + (1
4
− 5
32
ω)
k∑
n=1
τn (∇πh[φ+(Unε )],∇Unε ) + c3
k∑
n=1
τn |ΔhUnε |2h
≤ (G(U0ε ), 1)h + C
k∑
n=1
τn |Unε |21 + 516 ω
k∑
n=2
τn−1 (Ξ(Un−1ε )∇V n−1ε ,∇V n−1ε )
+ C τ1 |U0ε |21 + τ18 (∇πh[φ+(U0ε )],∇U0ε ) + τ14 (Ξ(U0ε )∇V 0ε ,∇V 0ε ) . (2.77)
The bounds (2.72) follow from (2.77) and the bounds 1 and 11 in (2.70). 2
Lemma 2.5 Let u0, v0 ∈ H1≥0(Ω), with u0 ∈ L∞(Ω) and u0(x) ≥ ζ > 0 for a.e. x ∈
Ω, and the assumptions (A) hold. On choosing either U0ε ≡ Qhu0 and V 0ε ≡ Qhv0, or
U0ε ≡ πhu0 and V 0ε ≡ πhv0 if either d = 1 or u0, v0 ∈ W 1,e(Ω) with e > 2; it follows that
U0ε , V
0
ε ∈ Sh≥0 with U0ε ≥ ζ are such that for all h > 0
‖U0ε ‖21 + (Φ(U0ε ) + Fε(V 0ε ) +G(U0ε ), 1)h + (∇πh[φ+(U0ε )],∇U0ε ) + (Ξ(U0ε )∇V 0ε ,∇V 0ε ) ≤ C.
(2.78)
Proof. The desired result (2.78) follows immediately from (2.33), (2.30), (2.34), (2.16),
(2.6), (1.9), (1.4) and (2.42a). 2
3. Convergence
Let
Uε(t) :=
t−tn−1
τn
Unε +
tn−t
τn
Un−1ε t ∈ [tn−1, tn] n ≥ 1 (3.1a)
and
U+ε (t) := U
n
ε , U
−
ε (t) := U
n−1
ε t ∈ (tn−1, tn] n ≥ 1. (3.1b)
We note for future reference that
Uε − U±ε = (t− t±n ) ∂Uε∂t t ∈ (tn−1, tn) n ≥ 1, (3.2)
where t+n := tn and t
−
n := tn−1. We introduce also
τ¯(t) := τn t ∈ (tn−1, tn] n ≥ 1. (3.3)
Using (2.36) and the above notation, and introducing analogous notation for Wε and Vε,
(Ph,τε ) can be restated as:
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Find {Uε, Wε, Vε} ∈ [C([0, T ];Sh)]3 such that for all χ ∈ L2(0, T ;Sh)∫ T
0
[(
∂Uε
∂t
, χ
)h
+ 1
3
([Ξ(U+ε )]
3∇W+ε ,∇χ)
]
dt = −1
2
∫ T
0
([Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 ∇V −ε ,∇χ) dt ,
(3.4a)∫ T
0
[(
∂Vε
∂t
, χ
)h
+ ρ (∇V +ε ,∇χ) + (Ξ(U+ε ) Λε(V +ε )∇V +ε ,∇χ)
]
dt
= −1
2
∫ T
0
([Ξ(U+ε )]
2Λε(V
+
ε )∇W+ε ,∇χ) dt ; (3.4b)
where
W+ε ≡ −cΔhU+ε + πh[φ+(U+ε ) + φ−(U−ε )]. (3.4c)
Lemma 3.1 Let ρ > 0, φ(·) satisfy (1.4) with a, δ > 0, and u0 ∈ H1(Ω) ∩ L∞(Ω) with
u0(x) ≥ ζ > 0 for a.e. x ∈ Ω and v0 ∈ H1≥0(Ω). Let {T h, U0ε , V 0ε , {τn}Nn=1, ε}h>0 be such
that
(i) either U0ε ≡ Qhu0, V 0ε ≡ Qhv0; or U0ε ≡ πhu0, V 0ε ≡ πhv0 if either d = 1 or u0, v0 ∈
W 1,e(Ω) with e > 2;
(ii) Ω and {T h}h>0 fulﬁl assumption (A), ε ∈ (0, 1) and τn ≤ 54 ω τn−1, n = 2 → N , for
an ω ∈ (0, 1);
(iii) τ h−d (1−
2
p
) → 0 and ε h−d ( 12−1p ) → 0 as h→ 0, where p = 2 if d = 1, p > 2 if d = 2.
Then there exists a subsequence of {Uε,Wε, Vε}h, where {Uε, Wε, Vε} solve (Ph,τε ), and
functions
u ∈ L∞(0, T ;H1≥0(Ω)) ∩H1(0, T ; (W 1,q′(Ω))′), (3.5a)
v ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1≥0(Ω)) ∩H1(0, T ; (W 1,q
′
(Ω))′) (3.5b)
such that λ(v) ∈ L∞(ΩT ), (3.5c)
with u(·, 0) = u0(·) in Y1, v(·, 0) = v0(·) in Y2, where H1(Ω) c↪→ Y1, L2(Ω) c↪→ Y2, and∫−u(·, t) = ∫−u0 > 0, ∫−v(·, t) = ∫−v0 for a.a. t ∈ (0, T ), such that as h→ 0
Uε, U
±
ε → u weak-∗ in L∞(0, T ;H1(Ω)), (3.6a)
Vε, V
±
ε → v weak-∗ in L∞(0, T ;L2(Ω)) and weakly in L2(0, T ;H1(Ω)), (3.6b)
G ∂Uε
∂t
→ G ∂u
∂t
and G ∂Vε
∂t
→ G ∂v
∂t
weakly in L2(0, T ;W 1,q(Ω)), (3.6c)
Uε, U
±
ε → u strongly in L2(0, T ;Ls(Ω)), (3.7a)
Vε, V
±
ε → v strongly in L2(0, T ;Lp(Ω)), (3.7b)
[Ξ(U±ε )]
β → uβ I , for any β ∈ (0,∞), strongly in L2(0, T ;Ls(Ω)), (3.8a)
Λε(V
+
ε )→ λ(v)I strongly in L2(0, T ;Lp(Ω)); (3.8b)
where s ∈ [2,∞] and q = 2 if d = 1, s ∈ [2,∞) and q ∈ (1, 2) if d = 2.
Moreover, if d = 1 then u in addition to (3.5a) satisﬁes
u ∈ C 12 , 18x,t (ΩT ) and u(x, t) > 0 ∀ (x, t) ∈ ΩT (3.9)
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and there exists a subsequence of {Uε,Wε, Vε}h satisfying (3.6a–c), (3.7a,b), (3.8a,b) and
as h→ 0
Uε, U
±
ε → u uniformly on ΩT , (3.10a)
πh[φ±(U±ε )]→ φ±(u) uniformly on ΩT , (3.10b)
W+ε → w := −cΔu+ φ(u) weakly in L2(0, T ;H1(Ω)), (3.10c)
[Ξ(U+ε )]
3
2 ∇W+ε → u
3
2 ∇w weakly in L2(ΩT ). (3.10d)
Furthermore, if d = 2 and φ(·) satisﬁes (1.4) with ν ≥ 7 then u in addition to (3.5a)
satisﬁes
u ∈ L2(0, T ;H2(Ω)) (3.11)
and there exists a subsequence of {Uε,Wε, Vε}h satisfying (3.6a–c), (3.7a,b), (3.8a,b) and
as h→ 0
ΔhU+ε → Δu weakly in L2(ΩT ), (3.12a)
Uε, U
±
ε → u weakly in L2(0, T ;W 1,p(Ω)), (3.12b)
Uε → u strongly in L2(0, T ;C0,γ(Ω)), for any γ ∈ (0, 1− 2p). (3.12c)
Proof. Noting the deﬁnitions (3.1a,b) the bounds in (2.70) and (2.71a,b) together with
(1.22), (2.78) and our assumption (i) imply that
‖U (±)ε ‖2L∞(0,T ;H1(Ω)) + ‖V (±)ε ‖2L∞(0,T ;L2(Ω)) + ρ ‖V (±)ε ‖2L2(0,T ;H1(Ω))
+ ε−1‖πh[V +ε ]−‖2L∞(0,T ;L2(Ω)) + ‖τ¯
1
2
∂Uε
∂t
‖2L2(0,T ;H1(Ω)) + ‖τ¯
1
2
∂Vε
∂t
‖2L2(ΩT )
+ ‖ [Ξ(U+ε )]
3
2 ∇W+ε ‖2L2(ΩT ) + ‖G ∂Uε∂t ‖L2(0,T ;W 1,q(Ω)) + ‖G ∂Vε∂t ‖L2(0,T ;W 1,q(Ω)) ≤ C. (3.13)
Furthermore, we deduce from (3.2), (3.13) and (2.27) that
‖Uε − U±ε ‖2L2(0,T ;H1(Ω)) ≤ ‖τ¯ ∂Uε∂t ‖2L2(0,T ;H1(Ω)) ≤ C τ, (3.14a)
‖Vε − V ±ε ‖2L2(0,T ;Lp(Ω)) ≤ C h−d (1−
2
p
) ‖Vε − V ±ε ‖2L2(ΩT )
≤ C h−d (1−2p ) ‖τ¯ ∂Vε
∂t
‖2L2(ΩT ) ≤ C h
−d (1−2
p
) τ. (3.14b)
Hence on noting (3.13), (3.14a,b), Uε > 0, (1.16), assumption (iii), and (1.20a) we can
choose a subsequence {Uε,Wε, Vε}h such that the convergence results (3.5a–c), (3.6a–c)
and (3.7a,b) hold. Then (3.5a,b) and Theorem 2.1 yield, on noting (1.20b), assumption
(i), (2.30) and (2.34), that the subsequence satisﬁes the additional initial and integral
conditions.
We now prove (3.8a). It holds for all β ∈ (0,∞) that
‖uβ I − [Ξ(U±ε )]β‖L2(0,T ;Ls(Ω))
≤ ‖uβ − [U±ε ]β‖L2(0,T ;Ls(Ω)) + ‖ [U±ε ]β I − [Ξ(U±ε )]β‖L2(0,T ;Ls(Ω)) , (3.15)
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where
‖uβ − [U±ε ]β‖L2(0,T ;Ls(Ω))
≤ C
{
‖u− U±ε ‖βL2(0,T ;Ls(Ω)) if β ∈ (0, 1],
β ‖ [max{u, U±ε }]β−1 (u− U±ε )‖L2(0,T ;Ls(Ω)) if β ≥ 1
≤ C
{
‖u− U±ε ‖βL2(0,T ;Ls(Ω)) if β ∈ (0, 1],
β
[‖u‖L∞(0,T ;Lβs(Ω)) + ‖U±ε ‖L∞(0,T ;Lβs(Ω))]β−1 ‖u− U±ε ‖L2(0,T ;Lβs(Ω))
if β ≥ 1 (3.16a)
and, on noting (2.47b), (2.27) and (1.17),
‖ [U±ε ]β I − [Ξ(U±ε )]β‖L2(0,T ;Ls(Ω))
≤ C
{
hβ−d [
β
2
−1
s
]+ ‖∇U±ε ‖βL2(ΩT ) if β ∈ (0, 1],
h1−d (
1
2
− 1
βs
) β ‖U±ε ‖β−1L∞(0,T ;Lβs(Ω)) ‖∇U±ε ‖L2(ΩT ) if β ≥ 1.
(3.16b)
Combining (3.15), (3.16a,b), (3.7a), (3.5a), (3.13) and (1.19) yields (3.8a).
Similarly for (3.8b), we have that
‖λ(v)I − Λε(V +ε )‖L2(0,T ;Lp(Ω))
≤ ‖λ(v)− λ(V +ε )‖L2(0,T ;Lp(Ω)) + ‖λ(V +ε )− λε(V +ε )‖L2(0,T ;Lp(Ω))
+ ‖λε(V +ε )I − Λε(V +ε )‖L2(0,T ;Lp(Ω)). (3.17)
Noting the global Lipschitz continuity of λ, (2.47a), (2.27) and (3.13), we have that
‖λ(v)− λ(V +ε )‖L2(0,T ;Lp(Ω)) + ‖λε(V +ε )I − Λε(V +ε )‖L2(0,T ;Lp(Ω))
≤ ‖v − V +ε ‖L2(0,T ;Lp(Ω)) + C h1−d (
1
2
−1
p
) ‖∇V +ε ‖L2(ΩT )
≤ ‖v − V +ε ‖L2(0,T ;Lp(Ω)) + C h1−d (
1
2
−1
p
) . (3.18)
It follows from (2.46), (1.16), (2.27) and (3.13) that
‖λ(V +ε )− λε(V +ε )‖L2(0,T ;Lp(Ω)) ≤ ‖ε− [V +ε ]−‖L2(0,T ;Lp(Ω)) ≤ ‖ε− πh [V +ε ]−‖L2(0,T ;Lp(Ω))
≤ C(T )h−d ( 12−1p ) [ ε+ ‖πh [V +ε ]−‖L2(ΩT )] ≤ C(T ) ε h−d ( 12−1p ). (3.19)
Combining (3.17), (3.18), (3.19) and noting (3.7b) and our assumption (iii) on ε yields
the desired result (3.8b). Finally, we note that (2.38) and (3.8b)⇒ λ(v) ≥ 0 a.e.⇒ v ≥ 0
a.e. ⇒ H1≥0(Ω) in (3.5b).
For d = 1 the ﬁrst and eighth bound, for q = 2, in (3.13) imply that the C
1
2
, 1
8
x,t (ΩT ) norm
of Uε is bounded independently of h, τ , ε and T , see for example Lemma 3.1 in BGN and
Barrett, Blowey & Garcke (1998, Theorem 2.2). Therefore by the Arzela`-Ascoli theorem
there exists a subsequence {Uε,Wε, Vε}h satisfying (3.6a–c), (3.7a,b), (3.8a,b) and such
that
Uε, U
±
ε → u ∈ C
1
2
, 1
8
x,t (ΩT ) uniformly on ΩT as h→ 0. (3.20)
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Hence the desired result (3.10a). The bounds (2.70) and (2.78), on noting (3.1b), imply
that
max
t∈[0,T ]
∫
Ω
πh[Φ(U+ε )](x, t) dx ≤ C. (3.21)
From the uniform Ho¨lder continuity of U+ε in space and (3.21) it follows that there exists
umin ∈ R>0 independent of h, τ and ε such that for all t ∈ [0, T ]
U+ε (x, t) ≥ umin ∀ x ∈ Ω, (3.22)
see e.g. Gru¨n & Rumpf (2001, Corollary 5.3). Combining (3.22) and (3.20) yields the
desired result (3.9).
Combining (3.5a), (3.9), (3.10a), the continuity of φ± and (φ±)′ on R>0, (1.19) and
(2.28) yields for all t ∈ [0, T ] that
‖πh[φ±(U±ε )](·, t)− φ±(u(·, t))‖0,∞
≤ ‖πh[φ±(U±ε )− φ±(u)](·, t)‖0,∞ + ‖[(I − πh)φ±(u)](·, t)‖0,∞
≤ ‖φ±(U±ε (·, t))− φ±(u(·, t))‖0,∞ + ‖[(I − πh)φ±(u)](·, t)‖1→ 0 as h→ 0, (3.23)
the desired result (3.10b). Furthermore, it follows from (3.13), (2.42a) and (3.10a) that
there exists an h0 such that
[ 1
2
min(x,t)∈ΩT u(x, t)]
3 ‖∇W+ε ‖2L2(ΩT ) ≤ ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖2L2(ΩT ) ≤ C ∀ h ≤ h0 . (3.24)
Now choosing χ ≡ 1 in (2.19b) yields, on noting (3.9), (3.10b) and (3.24), that
‖W+ε ‖L2(0,T ;H1(Ω)) ≤ C and hence c ‖ΔhU+ε ‖L2(ΩT ) ≤ C ; (3.25)
on recalling (3.4c). Moreover, it follows from (3.25), (2.36), (2.30), (2.32), (3.13) and (3.6a)
that for any η ∈ L2(0, T ;H1(Ω))∫ T
0
(ΔhU+ε , η) dt =
∫ T
0
(ΔhU+ε , (I − πh)η) dt+
∫ T
0
[
(ΔhU+ε , π
h η)− (ΔhU+ε , πh η)h
]
dt
+
∫ T
0
(∇U+ε ,∇(I − πh)η) dt−
∫ T
0
(∇U+ε ,∇η) dt
→ −
∫ T
0
(∇u,∇η) dt as h→ 0 . (3.26)
Combining (3.25), (3.10b) and (3.26) yields, on possibly extracting a further subsequence,
(3.10c). Furthermore, we have on noting (3.13), (3.8a) and (3.10c) that (3.10d) holds.
For the remainder of the proof, let d = 2. It follows from (2.72), (2.78), (2.3), (2.31)
and (3.1a,b) that
‖ΔhU+ε ‖L2(ΩT ) ≤ C . (3.27)
Similarly to (3.26) it follows from (3.27), (2.36), (2.30), (2.32), (3.13) and (3.6a) that for
any η ∈ L2(0, T ;W 1,p(Ω))∫ T
0
(ΔhU+ε , η) dt→ −
∫ T
0
(∇u,∇η) dt as h→ 0 . (3.28)
24 J.W. Barrett and R. Nu¨rnberg
Combining (3.27), (3.28) and the denseness of L2(0, T ;W 1,p(Ω)) in L2(ΩT ) yields (3.12a)
and, in particular, Δu ∈ L2(ΩT ). This together with elliptic regularity, as Ω is convex
polygonal, and (3.5a) proves (3.11). Moreover, we obtain from (2.27), (2.78) and our
assumptions (iii) on τ that
τ1 ‖U0ε ‖21,p ≤ C τ h−d (1−
2
p
) ‖U0ε ‖21 ≤ C . (3.29)
Combining (3.29), (3.27) and (2.37) yields that
‖U (±)ε ‖L2(0,T ;W 1,p(Ω)) ≤ C, (3.30)
and hence (3.12b) holds on extracting a further subsequence. Finally, (3.12c) follows from
(3.12b), (3.6c), (1.20a) and the compact embedding W 1,p(Ω)
c
↪→ C0,γ(Ω). 2
Remark 3.1 We note that in the case d = 1 we proved (3.10a–d) without the help of
the entropy bound (2.72). For d = 2, however, we need (2.72) to hold and require the
additional assumption ν ≥ 7. Furthermore, for d = 2, we need the following lemma in
order to prove our main result.
Lemma 3.2 Let d = 2 and all the assumptions of Lemma 3.1 hold. If in addition τn = τ ,
n = 1→ N , then ∫ T−θ
0
|U±ε (t+ θ)− U±ε (t)|20 dt ≤ C θ ∀ θ ∈ (0, T ). (3.31)
Furthermore, it holds that the subsequence of {Uε,Wε, Vε}h in Lemma 3.1 is such that as
h→ 0
U±ε → u strongly in L2(0, T ;C0,γ(Ω)), for any γ ∈ (0, 1− 2p), (3.32a)
and for a.a. t ∈ (0, T )
u(·, t) ∈ C0,γ(Ω) with u(x, t) ≥ ζ(t) > 0 ∀ x ∈ Ω . (3.32b)
Moreover, on extracting a further subsequence, it holds as h→ 0 that for a.a. t ∈ (0, T )
πh[φ±(U±ε )](·, t)→ φ±(u(·, t)) strongly in C(Ω), (3.33a)
W+ε (·, t)→ w(·, t) ≡ −cΔu(·, t) + φ(u(·, t)) weakly in H1(Ω) (3.33b)
and
[Ξ(U+ε )]
3
2 ∇W+ε → u
3
2 ∇w weakly in L2(ΩT ). (3.33c)
Proof. The proof is similar to the proofs in Gru¨n (2002, Lemmas 7.1 and 8.8). It follows
from (2.19a) for m = 0→ N − l, l ∈ {1, . . . , N} ﬁxed, that
m+l∑
n=m+1
τn
(
Unε −Un−1ε
τn
, Um+lε − Umε
)h
= −1
3
m+l∑
n=m+1
τn ([Ξ(U
n
ε )]
3∇W nε ,∇(Um+lε − Umε ))
− 1
2
m+l∑
n=m+1
τn ([Ξ(U
n
ε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇(Um+lε − Umε )) . (3.34)
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Similarly to (2.74), we obtain from (3.34), (2.71b), (3.1a,b) and (3.13) for r = 2p
p−2 that
|Um+lε − Umε |2h ≤ C
m+l∑
n=m+1
τn |[Ξ(Unε )]
3
2 |0,r an |Um+lε − Umε |1,p
≤ C
l∑
k=1
τm+k am+k |Um+lε − Umε |1,p, (3.35)
where an := |[Ξ(Unε )] 32 ∇W nε |0+ |[Ξ(Un−1ε )] 12 ∇V n−1ε |0. Summing (3.35) for m = 0→ N − l
and using the uniform time step assumption yields on noting (2.70), (2.78) and (3.30)
that
N−l∑
m=0
τ |Um+lε − Umε |2h ≤ C
l∑
k=1
τ
N−l∑
m=0
τ am+k |Um+lε − Umε |1,p
≤ C
l∑
k=1
τ
(
N−l∑
m=0
τ a2m+k
) 1
2
(
N−l∑
m=0
τ |Um+lε − Umε |21,p
) 1
2
≤ C l τ. (3.36)
Combining (3.36), (2.3), (2.31) and (3.1b) yields (3.31) for θ = l τ . For arbitrary θ ∈ (0, T )
with θ = μ τ , μ ∈ (0, N), we argue as follows. Let l = μ := max{ ∈ N :  ≤ μ},
ϑ = μ − μ ∈ [0, 1) and m ∈ {0, . . . , N − l} be such that t ∈ (mτ, (m+ 1) τ ]. Hence
U±ε (t+ μ τ ) =
{
U±ε (t+ l τ ) if t ∈ (mτ,m τ + (1− ϑ) τ ],
U±ε (t+ (l + 1) τ ) if t ∈ (mτ + (1− ϑ) τ, (m+ 1) τ ]
(3.37)
and we obtain on noting (3.36) that∫ T−μ τ
0
|U±ε (t+ μ τ ) − U±ε (t)|2h dt
≤ τ (1− ϑ)
N−l∑
m=0
|Um+lε − Umε |2h + τ ϑ
N−l−1∑
m=0
|Um+l+1ε − Umε |2h
≤ C [(1− ϑ) l + ϑ (l + 1)] τ = C μτ. (3.38)
Combining (3.38), (2.3) and (2.31) yields (3.31) for all θ ∈ (0, T ). It follows from (3.12b)
and (3.31), on noting (1.20c) and the compact embedding W 1,p(Ω)
c
↪→ C0,γ(Ω), that
(3.32a) holds.
The strong convergence (3.32a) yields on extracting a further subsequence for a.a.
t ∈ (0, T ) that
U±ε (·, t)→ u(·, t) strongly in C0,γ(Ω) and u(x, t) ≥ ζ(t) > 0 ∀ x ∈ Ω , (3.39)
where the latter result comes from applying (3.21)–(3.22) for a.a. t ∈ (0, T ). Hence we
have the desired result (3.32b). Combining (3.39), the continuity of φ± and (φ±)′ on R>0,
(2.28) and (3.23), with ‖ · ‖1 replaced by ‖ · ‖1,p on using (1.19) with d = 2 and (3.12b),
we obtain the desired result (3.33a) for a.a. t ∈ (0, T ).
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On noting (3.27) we have for a.a. t ∈ (0, T ) that
|ΔhU+ε (·, t)|0 ≤ C(t) . (3.40)
Similarly to (3.28) this yields, on noting (3.39), for a.a. t ∈ (0, T ) that as h→ 0
ΔhU+ε (·, t)→ Δu(·, t) weakly in L2(Ω). (3.41)
Combining (3.4c), (3.41) and (3.33a) yields for a.a. t ∈ (0, T ) that as h→ 0
W+ε (·, t) ≡ −cΔhU+ε (·, t) + πh[φ+(U+ε ) + φ−(U−ε )](·, t)
→ −cΔu(·, t) + φ(u(·, t)) weakly in L2(Ω). (3.42)
Furthermore, it follows from (3.13), (2.42a) and (3.39) for a.a. t ∈ (0, T ) that there exists
an h0(t) such that
[ 1
2
ζ(t)]3 |∇W+ε (·, t)|20 ≤ |[Ξ(U+ε )] 32 (·, t)∇W+ε (·, t)|20 ≤ C(t) ∀ h ≤ h0(t) . (3.43)
Combining (3.42) and (3.43) yields (3.33b) on extracting a further subsequence. Moreover,
we have on noting (3.13) that there exists a limit z ∈ L2(ΩT ) such that for all η ∈
L2(0, T ;H1(Ω))∫ T
0
([Ξ(U+ε )]
3
2 ∇W+ε ,∇η) dt →
∫ T
0
(z,∇η) dt as h→ 0. (3.44)
It follows from (3.33b) and (3.8a) that z(·, t) ≡ u 32 (·, t)∇w(·, t) for a.a. t ∈ (0, T ) and
hence that (3.33c) holds. 2
Theorem 3.1 Let all the assumptions of Lemma 3.1 and in addition if d = 2 those of
Lemma 3.2 hold. Then there exists a subsequence of {Uε,Wε, Vε}h, where {Uε, Wε, Vε}
solve (Ph,τε ), and functions {u, v} satisfying (3.5a–c) and either (3.9) if d = 1 or (3.11) and
(3.32b) if d = 2. In addition, as h→ 0 the following hold: (3.6a–c), (3.7a,b), (3.8a,b) and
either (3.10a–d) if d = 1 or (3.12b–c), (3.32a), (3.33a,b), for a.a. t ∈ (0, T ), and (3.33c) if
d = 2. Furthermore, we have that u and v fulﬁl u(·, 0) = u0(·) in Y1, v(·, 0) = v0(·) in Y2,
where H1(Ω)
c
↪→ Y1, L2(Ω) c↪→ Y2, and satisfy for all η ∈ L2(0, T ;W 1,q′(Ω)), with q′ = 2 if
d = 1 and q′ ∈ (2,∞) if d = 2,∫ T
0
〈∂u
∂t
, η〉q′ dt+ 13
∫
ΩT
u3∇w .∇η dx dt+ 1
2
∫
ΩT
u2∇v .∇η dx dt = 0 , (3.45a)∫ T
0
〈∂v
∂t
, η〉q′ dt+
∫
ΩT
[ ρ∇v .∇η + uλ(v)∇v .∇η ] dx dt+ 1
2
∫
ΩT
u2 λ(v)∇w .∇η dx dt = 0 ;
(3.45b)
where w(·, t) ≡ −cΔu(·, t) + φ(u(·, t)) for a.a. t ∈ (0, T ).
Proof. For any η ∈ L2(0, T ;W 1,q′(Ω)) and η˜ ∈ H1(0, T ;W 1,∞(Ω)) we choose χ ≡ πhη
FE Approximation of Surfactant Spreading on a Thin Film 27
in (3.4a,b) and now analyse the subsequent terms. Firstly (2.32), (2.35), (1.19) in time,
(3.13) and (2.30) yield for Z ≡ Uε and Vε, respectively, that∣∣∣∣ ∫ T
0
[ (
∂Z
∂t
, πhη
)h − (∂Z
∂t
, πhη
) ]
dt
∣∣∣∣
≤
∣∣∣∣ ∫ T
0
[ (
∂Z
∂t
, πh[η − η˜])h − (∂Z
∂t
, πh[η − η˜]) ] dt ∣∣∣∣
+
∣∣∣∣−∫ T
0
(
Z, ∂(π
hη˜)
∂t
)h
dt+ (Z(·, T ), πhη˜(·, T ))h − (Z(·, 0), πhη˜(·, 0))h
+
∫ T
0
(
Z, ∂(π
hη˜)
∂t
)
dt− (Z(·, T ), πhη˜(·, T )) + (Z(·, 0), πhη˜(·, 0))
∣∣∣∣
≤ C ‖G ∂Z
∂t
‖L2(0,T ;W 1,q(Ω)) ‖πh[η − η˜] ‖L2(0,T ;W 1,q′(Ω))
+ C h ‖Z‖L∞(0,T ;L2(Ω)) ‖πhη˜‖H1(0,T ;H1(Ω))
≤ C ‖η − η˜‖L2(0,T ;W 1,q′(Ω)) + C h ‖η˜‖H1(0,T ;W 1,q′(Ω)) . (3.46)
Furthermore, it follows from (1.21) and (3.13) that∣∣∣∣ ∫ T
0
(
∂Z
∂t
, (I − πh)η) dt ∣∣∣∣ ≤ C ‖G ∂Z∂t ‖L2(0,T ;W 1,q(Ω)) ‖(I − πh)η‖L2(0,T ;W 1,q′(Ω))
≤ C ‖(I − πh)η‖L2(0,T ;W 1,q′(Ω)). (3.47)
Combining (3.46), the denseness ofH1(0, T ;W 1,∞(Ω)) in L2(0, T ;W 1,q
′
(Ω)), (3.47), (2.28),
(1.21) and (3.6c) yields for z ≡ u and v, respectively, and for all η ∈ L2(0, T ;W 1,q′(Ω))
that ∫ T
0
(
∂Z
∂t
, πhη
)h
dt→
∫ T
0
〈∂z
∂t
, η〉q′ dt as h→ 0. (3.48)
In view of (2.38), (3.1b), (2.71b) and (3.13), as ρ > 0, we deduce with r as deﬁned in
(2.71a) that∣∣∣∣ ∫ T
0
([Ξ(U+ε )]
2 Λε(V
+
ε )∇W+ε ,∇(I − πh)η) dt
∣∣∣∣
≤ ‖[Ξ(U+ε )]2∇W+ε ‖L2(0,T ;Lq(Ω)) ‖(I − πh)η‖L2(0,T ;W 1,q′(Ω))
≤ C ‖[Ξ(U+ε )]
1
2‖L∞(0,T ;Lr(Ω)) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖(I − πh)η‖L2(0,T ;W 1,q′(Ω))
≤ C ‖(I − πh)η‖L2(0,T ;W 1,q′(Ω)) ∀ η ∈ L2(0, T ;W 1,q
′
(Ω)), (3.49a)
and similarly∣∣∣∣ ∫ T
0
([Ξ(U+ε )]
3∇W+ε ,∇(I − πh)η) dt
∣∣∣∣ + ∣∣∣∣ ∫ T
0
(Ξ(U+ε ) Λε(V
+
ε )∇V +ε ,∇(I − πh)η) dt
∣∣∣∣
+
∣∣∣∣ ∫ T
0
([Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 ∇V −ε ,∇(I − πh)η) dt
∣∣∣∣ + ∣∣∣∣ ∫ T
0
(∇V +ε ,∇(I − πh)η) dt
∣∣∣∣
≤ C ‖(I − πh)η‖L2(0,T ;W 1,q′(Ω)) ∀ η ∈ L2(0, T ;W 1,q
′
(Ω)). (3.49b)
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Noting (3.49b), (2.28), and (3.6b), we have for all η ∈ L2(0, T ;W 1,q′(Ω)) that∫ T
0
(∇V +ε ,∇(πhη) ) dt→
∫ T
0
(∇v,∇η) dt as h→ 0. (3.50)
It also follows from (3.13), (3.1b), (2.71b), (3.5a,c), (1.19) and (2.38) with r deﬁned as in
(2.71a) and s and p as in Lemma 3.1 that∣∣∣∣ ∫ T
0
( ([Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 − u2 I)∇V −ε ,∇η) dt
∣∣∣∣
≤
∣∣∣∣ ∫ T
0
( ([Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 − u2 I)∇V −ε ,∇η˜) dt
∣∣∣∣
+
∣∣∣∣ ∫ T
0
( ([Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 − u2 I)∇V −ε ,∇(η − η˜)) dt
∣∣∣∣
≤ ‖[Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 − u2 I‖L2(ΩT ) ‖V −ε ‖L2(0,T ;H1(Ω)) ‖η˜‖L∞(0,T ;W 1,∞(Ω))
+ ‖[Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 − u2 I‖L∞(0,T ;Lr(Ω)) ‖V −ε ‖L2(0,T ;H1(Ω)) ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
≤ C
[
‖[Ξ(U+ε )]
3
2 ([Ξ(U−ε )]
1
2 − u 12 I)‖L2(ΩT ) + ‖u
1
2 ([Ξ(U+ε )]
3
2 − u 32 I)‖L2(ΩT )
+ ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
≤ C
[
‖[Ξ(U+ε )]
3
2 ‖L∞(0,T ;L2s(Ω)) ‖[Ξ(U−ε )]
1
2 − u 12 I‖L2(0,T ;L2s′(Ω))
+ ‖u 12 ‖L∞(0,T ;L2s(Ω)) ‖[Ξ(U+ε )]
3
2 − u 32 I‖L2(0,T ;L2s′(Ω)) + ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
≤ C
[
‖[Ξ(U−ε )]
1
2 − u 12 I‖L2(0,T ;L2s′(Ω)) + ‖[Ξ(U+ε )]
3
2 − u 32 I‖L2(0,T ;L2s′(Ω))
+ ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
(3.51a)
and∣∣∣∣ ∫ T
0
( [ Ξ(U+ε ) Λε(V
+
ε )− uλ(v)I ]∇V +ε ,∇η) dt
∣∣∣∣
≤
∣∣∣∣ ∫ T
0
( [ Ξ(U+ε ) Λε(V
+
ε )− uλ(v)I ]∇V +ε ,∇η˜) dt
∣∣∣∣
+
∣∣∣∣ ∫ T
0
( [ Ξ(U+ε ) Λε(V
+
ε )− uλ(v)I ]∇V +ε ,∇(η − η˜)) dt
∣∣∣∣
≤ ‖Ξ(U+ε ) Λε(V +ε )− uλ(v)I‖L2(ΩT ) ‖V +ε ‖L2(0,T ;H1(Ω)) ‖η˜‖L∞(0,T ;W 1,∞(Ω))
+ ‖Ξ(U+ε ) Λε(V +ε )− uλ(v)I‖L∞(0,T ;Lr(Ω)) ‖V +ε ‖L2(0,T ;H1(Ω)) ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
≤ C
[
‖Λε(V +ε ) (Ξ(U+ε ) − u I)‖L2(ΩT ) + ‖u (Λε(V +ε )− λ(v)I)‖L2(ΩT )
+ ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
≤ C
[
‖Ξ(U+ε )− u I‖L2(ΩT ) + ‖Λε(V +ε )− λ(v)I‖L2(0,T ;Lp(Ω)) + ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
.
(3.51b)
FE Approximation of Surfactant Spreading on a Thin Film 29
Noting that H1(0, T ;W 1,∞(Ω)) is dense in L2(0, T ;W 1,q
′
(Ω)), (3.49b), (2.28), (3.51a,b),
(3.8a,b), (3.5a,c), (1.19) and (3.6b), we have for all η ∈ L2(0, T ;W 1,q′(Ω)) that∫ T
0
([Ξ(U+ε )]
3
2 [Ξ(U−ε )]
1
2 ∇V −ε ,∇(πhη)) dt→
∫ T
0
(u2∇v,∇η) dt as h→ 0, (3.52a)∫ T
0
(Ξ(U+ε ) Λε(V
+
ε )∇V +ε ,∇(πhη)) dt→
∫ T
0
(uλ(v)∇v,∇η) dt as h→ 0. (3.52b)
Similarly to (3.51a,b), it follows from (3.13), (3.1b), (2.71b), (3.5a,c), (2.38) and (1.19)
that∣∣∣∣ ∫ T
0
( ([Ξ(U+ε )]
3 − u 32 [Ξ(U+ε )]
3
2 )∇W+ε ,∇η) dt
∣∣∣∣
≤ ‖[Ξ(U+ε )]
3
2 − u 32 I‖L2(ΩT ) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖η˜‖L∞(0,T ;W 1,∞(Ω))
+ ‖[Ξ(U+ε )]
3
2 − u 32 I‖L∞(0,T ;Lr(Ω)) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
≤ C
[
‖[Ξ(U+ε )]
3
2 − u 32 I‖L2(ΩT ) + ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
(3.53a)
and∣∣∣∣ ∫ T
0
( ([Ξ(U+ε )]
2Λε(V
+
ε )− u
1
2 [Ξ(U+ε )]
3
2 λ(v))∇W+ε ,∇η) dt
∣∣∣∣
≤
∣∣∣∣ ∫ T
0
( ([Ξ(U+ε )]
2 Λε(V
+
ε )− u
1
2 [Ξ(U+ε )]
3
2 Λε(V
+
ε ))∇W+ε ,∇η) dt
∣∣∣∣
+
∣∣∣∣ ∫ T
0
( ([u
1
2 [Ξ(U+ε )]
3
2 Λε(V
+
ε )− u
1
2 [Ξ(U+ε )]
3
2 λ(v))∇W+ε ,∇η) dt
∣∣∣∣
≤ ‖[Ξ(U+ε )]
1
2 − u 12 I‖L2(ΩT ) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖η˜‖L∞(0,T ;W 1,∞(Ω))
+ ‖[Ξ(U+ε )]
1
2 − u 12 I‖L∞(0,T ;Lr(Ω)) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
+ ‖u 12 [Λε(V +ε )− λ(v)I] ‖L2(ΩT ) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖η˜‖L∞(0,T ;W 1,∞(Ω))
+ ‖u 12 [Λε(V +ε )− λ(v)I] ‖L∞(0,T ;Lr(Ω)) ‖[Ξ(U+ε )]
3
2 ∇W+ε ‖L2(ΩT ) ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
≤ C
[
‖[Ξ(U+ε )]
1
2 − u 12 I‖L2(ΩT ) + ‖Λε(V +ε ) − λ(v)I‖L2(0,T ;Lp(Ω)) + ‖η − η˜‖L2(0,T ;W 1,q′(Ω))
]
.
(3.53b)
Noting that H1(0, T ;W 1,∞(Ω)) is dense in L2(0, T ;W 1,q
′
(Ω)), (3.49a,b), (2.28), (3.53a,b),
(3.8a,b), (3.5a,c), (1.19), (3.10d) and (3.33c), we have for all η ∈ L2(0, T ;W 1,q′(Ω))
that ∫ T
0
([Ξ(U+ε )]
3∇W+ε ,∇(πhη)) dt→
∫ T
0
(u3∇w,∇η) dt as h→ 0, (3.54a)∫ T
0
([Ξ(U+ε )]
2 Λε(V
+
ε )∇W+ε ,∇(πhη)) dt→
∫ T
0
(u2 λ(v)∇w,∇η) dt as h→ 0. (3.54b)
Combining (3.4a–c), (3.48), (3.50), (3.52a,b), (3.54a,b), (3.10c) and (3.33b) yields that
the functions {u, w, v} satisfy (3.5a–c) and (3.45a,b), as well as the results of Lemma 3.1
and Lemma 3.2. 2
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Remark 3.2 As indicated in Remark 3.1, for d = 1 we proved our main convergence
result for (Ph,τε ) with δ > 0 without the help of the entropy bound (2.72). Therefore
for d = 1 it appears possible to prove convergence of a modiﬁed version of (Ph,τε ) to a
solution of (P) also in the absence van der Waals forces (a = δ = 0), and hence with
u0 ≥ 0. Similarly to Gru¨n & Rumpf (2000) and Gru¨n (2002) for the thin ﬁlm equation,
(1.1a–c) with v ≡ 0 and a = δ = 0, one would replace Ξ by Ξε in (2.19a–c) to obtain
an approximation of (P), which we will denote as (Ph,τε, ε). Clearly the stability bounds
(2.70) and (2.71a,b) remain true with Ξ replaced by Ξε. These bounds give rise to the
convergence results (3.6a–c) , (3.7a,b) and (3.8b). For the above thin ﬁlm equation one still
has an analogue of the entropy bound (2.72) if u0 ≥ ζ > 0⇒ G(u0) is non-singular. From
this one can show that the resulting approximation Uε ≥ 12ε for h suﬃciently small; see
Gru¨n & Rumpf (2000) for details. However, with either u0 ≥ 0 or surfactant present one
does does not have an analogue of the entropy bound (2.72). Hence one has no control on
the non-negativity of the resulting approximation. Nevertheless, one can still prove strong
convergence in L2(0, T ;L∞(Ω) of [Ξε(U±ε )]
β → [u]β+ I for any β ∈ (0,∞). Similarly to the
techniques in BGN, on introducing {u > 0} := {(x, t) ∈ ΩT : u(x, t) > 0 }, one would
then be able to show that the limit u satisﬁes the weak solution concept∫ T
0
〈∂u
∂t
, η〉2 dt+ 13
∫
{u>0}
u3∇(Δu) .∇η dx dt+ 1
2
∫
{u>0}
u2∇v .∇η dx dt = 0 (3.55)
for all η ∈ L2(0, T ;H1(Ω)), with a similar modiﬁcation for the v equation. The non-
negativity of the solution u could then be recovered by testing (3.55) with [u]−, similar to
the procedure described in Yin (1992) for the thin ﬁlm equation. However, (Ph,τε, ε) oﬀers no
advantages over the approximation (2.20a–c) described in BGN. Moreover, the solution
Unε (·) can now become negative in many disconnected regions where u(·, tn) = 0, which
makes the location of the ﬁlm boundary more diﬃcult.
4. Numerical Results
Before presenting some numerical results in both one and two space dimensions, we brieﬂy
state algorithms for solving the resulting system of algebraic equations for {Unε ,W nε , V nε }
arising at each time level from the approximation (Ph,τε ). As (2.19a,b) in (P
h,τ
ε ) are in-
dependent of V nε , we ﬁrst solve these to obtain {Unε ,W nε }; then solve (2.19c) for V nε . We
use the following iterative approach to solve (2.19a,b) for {Unε ,W nε }: Given Un,0ε ∈ Sh>0,
for k ≥ 1 ﬁnd {Un,kε ,W n,kε } ∈ Sh × Sh such that for all χ ∈ Sh(
Un,kε −Un−1ε
τn
, χ
)h
+ 1
3
([Ξ(Un,k−1ε )]
3∇W n,kε ,∇χ)
= −1
2
([Ξ(Un,k−1ε )]
3
2 [Ξ(Un−1ε )]
1
2 ∇V n−1ε ,∇χ), (4.1a)
c (∇Un,kε ,∇χ) + (φ+(Un,kε ) + φ−(Un−1ε ), χ)h = (W n,kε , χ)h. (4.1b)
Then, having obtained {Unε ,W nε }, we solve (2.19c) for V nε using the following iterative
approach: Given V n,0ε ∈ Sh, for k ≥ 1 ﬁnd V n,kε ∈ Sh such that(
V
n,k
ε −V n−1ε
τn
, χ
)h
+ ρ (∇V n,kε ,∇χ) + (Ξ(Unε ) Λε(V n,k−1ε )∇V n,kε ,∇χ)
= − 1
2
([Ξ(Unε )]
2 Λε(V
n,k−1
ε )∇W nε ,∇χ) ∀ χ ∈ Sh. (4.2)
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(4.1a,b) and (4.2) are the natural extensions of the iterative procedure proposed in Gru¨n
& Rumpf (2000) for solving a ﬁnite element approximation of the thin ﬁlm equation. An
analogue of (4.2) is used in BGN to solve (2.20c), see Remark 2.1. As Un,k−1ε > 0, it is easily
established on noting (2.42a) that there exists a unique solution {Un,kε ,W n,kε } ∈ Sh>0×Sh
to (4.1a,b). As (4.2) is linear, existence of V n,kε follows from uniqueness; and this is easily
established on noting ρ ≥ 0, (2.9a) and (2.14a). Hence the iterations (4.1a,b) and (4.2)
are well deﬁned.
For the iterative algorithms (4.1a,b) and (4.2) we set, for n ≥ 1, {Un,0ε , V n,0ε } ≡
{Un−1ε , V n−1ε } and adopted the stopping criteria
|Un,kε − Un,k−1ε |0,∞ < tol and |V n,kε − V n,k−1ε |0,∞ < tol, (4.3)
respectively, with tol = 10−8. Furthermore, we set {Unε ,W nε , V nε } ≡ {Un,kε ,W n,kε , V n,kε } for
(4.1a,b) and (4.2).
Remark 4.1 The nonlinear system (4.1a,b) can be solved using an inexact Newton’s
method, applying a BiCGSTAB algorithm at each Newton iteration. The linear system
(4.2), on the other hand, can be solved eﬃciently using a conjugate gradient algorithm.
Although we are unable to show convergence of the iterations (4.1a,b) and (4.2) for
{Unε , Wε} and V nε , respectively, we observed good convergence properties in practice.
4.1 Numerical Results for d = 1
Firstly, we present numerical experiments in one space dimension. Throughout we chose a
uniform partitioning of Ω = (−L,L), where L ≥ 1, with mesh points pj = −L+(j − 1)h,
j = 1→ 210+1, where h = 2−9 L. In addition we chose uniform time steps τn = τ = 10−4
and throughout set the regularization parameter ε = 10−5. For the initial proﬁles u0 and
v0, we chose
u0(x) = u¯0 +
M∑
m=1
αm
M
cos(mπx
L
) and v0(x) = v
0
max
2
[1− tanh(10 |x| − 5)] , (4.4)
where u¯0 > 0, v0max ≥ 0 and random αm ∈ [−α, α], m = 1 → M , α ≥ 0. (4.4) with
α = 0 and v0max > 0 or v
0
max = 0 resemble a uniform liquid ﬁlm of height u¯
0 with and
without surfactant on top of it, respectively. In the absence of surfactant a uniform ﬁlm is a
steady state. (4.4) with α > 0 represents a small random perturbation to the uniform ﬁlm.
Throughout the data for (Ph,τε ) will be such that the assumptions of our main convergence
result, Theorem 3.1, hold. In particular we will choose U0ε ≡ πhu0 and V 0ε ≡ πhv0 as the
discrete initial data on noting that u0, v0 ∈W 1,∞(Ω).
We investigated the eﬀect of van der Waals forces and surfactant, respectively, on a
slightly perturbed uniform liquid ﬁlm. We set L = 4, c = 5× 10−5, ρ = 2× 10−3, ν = 4,
u¯0 = 1, M = 20 and varied the remaining parameters α, a, δ and v0max. In Figure 1 we
plot Uε(x, T ) for α = 0.02, a = 2× 10−3, δ = 10−5, v0max = 0 and T = 140. Note that this
is a “numerical steady state” for (Ph,τε ), i.e. (4.3) is satisﬁed for k = 1. Note furthermore
that minx∈ΩUε(x, T ) = argmins∈R>0 Φ(s) = (
δ
a
)
1
ν−3 = 5× 10−3, recall (2.17a). From the
plot of the energy
E(t) := t−tn−1
τn
E(Unε , V nε ) + tn−tτn E(Un−1ε , V n−1ε ) t ∈ [tn−1, tn] n ≥ 1, (4.5)
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Fig. 1. Uε(x, T ) and Vε(x, T ) plotted against x at T = 140 and E(t) for t ∈ [0, T ].
recall (2.61b), in Figure 1 one can clearly see that the main evolution of the ﬁlm takes
place in a comparatively short period of time and that the solution {Uε(·, T ), Vε(·, T )}
attained a “numerical steady state”. In Figure 2, using a diﬀerent vertical scale, we give
some more details on the evolution of the solution Uε. In the presence of attractive van
der Waals forces and no surfactant, it is easily established using linear stability analysis
that the uniform liquid ﬁlm, u0 ≡ u¯0, is unstable if
a > 1
3
(u¯0)4
[
ν δ (u¯0)−(ν+1) + c (π
L
)2
]
. (4.6)
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Fig. 2. Uε(x, t) plotted against x at t = 87.5, 88, 88.5, 89.
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One can predict the most unstable mode cos(m
∗π x
L
), where
m∗π
L
≈ ( 1
u¯0
)2 (3 a−ν δ (u¯
0)3−ν
2 c
)
1
2 ≈ 7.7 ⇐⇒ m∗ ≈ 9.8 (4.7)
for the parameters in Figure 2. This predicted behaviour can clearly be seen in the early
stages of the evolution, cf. Figure 2.
In the following we report on the evolutions of Uε and Vε up to time T = 8 with the
choices α = 0, a = δ = 0, v0max = 1 and α = 0, a = 2 × 10−3, δ = 10−5, v0max = 1.
In Figure 4 we plot Uε(x, tn) and Vε(x, tn) for tn = 0.1, 6.0, 7.0, 7.3, T = 8.0 for the two
respective evolutions, while the energy (4.5) is given in Figure 3. The above models the
evolution of a uniform liquid ﬁlm with a blob of surfactant on top of it without and with
van der Waals forces being present, respectively. We remark that the same experiments
for a slightly perturbed liquid ﬁlm, i.e. α > 0, yielded virtually the same results as shown
in Figure 4. This indicates that as long as the ﬁlm thickness is bounded away from zero,
the eﬀect of surface tension gradients dominates the impact of the van der Waals forces.
Once the ﬁlm thickness reaches a certain threshold, however, the ﬁlm tries to rupture
due to the attractive van der Waals forces, φ−, in the eﬀected regions, see Figure 4b.
Although the ﬁlm height becomes extremely thin, it can never actually rupture (Uε = 0)
due to the presence of the repulsive van der Waals forces, φ+. In fact, as in Figure 1, it
holds that minx∈ΩUε(x, T ) = argmins∈R>0 Φ(s) = 5×10−3. We would also like to mention
that we repeated the experiment with the parameters for Figure 4b on a very ﬁne mesh.
As we obtained virtually identical results, we are satisﬁed that the oscillations shown in
Figure 4b are not due to mesh eﬀects. In fact the instabilities are in agreement with linear
stability analysis for the thin ﬁlm equation in the absence of surfactant, see above. Finally,
we recall Remark 3.2, where we state that the modiﬁed approximation, (Ph,τε, ε), converges
in the absence of van der Waals forces. Moreover, for the evolution shown in Figure 4a
Uε >> ε and so the discretization (P
h,τ
ε, ε) is equivalent to (P
h,τ
ε ).
4.2 Numerical Results for d = 2
Finally, we present a numerical experiment in two space dimensions with Ω = (−L,L)×
(−L,L). We took a uniform mesh of squares of length h = 2L
256
, each of which was divided
into two triangles by its north east diagonal. We chose the following parameters for (Ph,τε ):
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Fig. 3. E(t) for t ∈ [0, T ] in the absence and presence of van der Waals forces.
34 J.W. Barrett and R. Nu¨rnberg
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
U(x,T) V(x,T)
0
0.5
1
1.5
2
-4 -3 -2 -1 0 1 2 3 4
U(x,T) V(x,T)
(a) (b)
Fig. 4. Uε(x, tn) and Vε(x, tn) plotted against x at times tn = 0.1,6.0,7.0,7.3,8.0; (a) without and (b) with van der
Waals forces being present.
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Fig. 5. Uε(x, T ) and Vε(x, T ) plotted against x for T = 1.
L = 2.5, a = 2× 10−2, δ = 10−5, c = 10−3, ρ = 2× 10−3, ν = 7, τn = τ = 10−3, ε = 10−5
and for the initial proﬁles chose (4.4) with u¯0 = 1, α = 0 and v0max = 1. We set U
0
ε ≡ πhu0
and V 0ε ≡ πhv0. In Figure 5 we plot Uε(x, T ) and Vε(x, T ) for T = 1, while a contour plot
of Uε(x, T ) along with a plot of Uε(x, T ) |x2=0 is given in Figure 6. Furthermore, the results
for an experiment with exactly the same data as above, except a = δ = 0, i.e. no van der
Waals forces, can be seen in Figure 8. Qualitatively we can observe the same behaviour
as in our experiments for d = 1, cf. Figure 4. However, we note that here c is chosen
larger than before and for our experiment with van der Waals forces present it holds that
minx∈Ω Uε(x, T ) ≈ argmins∈R>0 Φ(s) ≈ 0.15 due to the diﬀerent choice of the parameters
a, δ and ν. For smaller values of c and δ
a
highly oscillatory solutions are observed, in line
with the one dimensional argument (4.7) in the absence of surfactant. To approximate
these accurately one needs to use highly adaptive meshes. We will report on such numerical
experiments elsewhere. Finally, we give some more details on the evolution of Uε for our
last two experiments in Figure 7, where we plot Uε(x, tn) for tn = 0.01, 0.1, 0.5, 0.7 and
0.8.
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Fig. 6. Contour plot of Uε(x, T ) and Uε(x, T ) |x2=0 plotted against x1 for T = 1.
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Fig. 7. Uε(x, tn) plotted against x at times tn = 0.01,0.1,0.5,0.7,0.8; (a) without and (b) with van der Waals forces
being present.
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